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SUMMARY 
I n  t h i s  r e p o r t ,  t h e  s i g n i f i c a n c e  o f  t h e  d i s t r i b u t i o n  
o f  t h e  a s t e r o i d s  i s  c o n s i d e r e d .  Q u e s t i o n s  a r e  r a i s e d  whether  
o r d e r i n g  mechanisms e x i s t  capab le  o f  a r r a n g i n g  t h e  a s t e r o i d s  
i n  some i d e n t i f i a b l e  d i s t r i b u t i o n ,  o r  whether  t h e  a s t e r o i d a l  
m a t e r i a l  i s  more o r  less randomly d i s t r i b u t e d  throughout  an 
_ .  
e s s e n t i a l l y  t o r o i d a l  r i n g  ex tend ing  from Mars t o  J u p i t e r .  
The c o n c l u s i o n  i s  r eached  t h a t  t h e  p l a n e t s ,  i n  p a r t i c u l a r  
J u p i t e r ,  e x e r t  small  p e r t u r b i n g  f o r c e s  which ove r  l ong  p e r i o d s  
o f  t i m e  produce d i s t i n c t i v e  d i s t r i b u t i o n a l  f e a t u r e s .  These 
f e a t u r e s  a r e  d e t e r m i n i s t i c ,  and th rough  s u i t a b l e  i n t e r p r e t a t i o n ,  
t h e  mechanica l  h i s t o r y  o f  s o l a r  sys tem e v e n t s  may p o s s i b l y  be 
t r a c e d  back th rough  t i m e  and  c o n t r i b u t e  t o  t h e  u n d e r s t a n d i n g  
of  t h e  s o l a r  sys tem o r i g i n s .  
d i s t r i b u t i o n a l  f e a t u r e s  c a n  a l s o  be o f  v a l u e  f o r  t h e  p r e d i c t i o n  
o f  p o s s i b l e  h a z a r d s  t o  i n t e r p l a n e t a r y  s p a c e  m i s s i o n s .  
The deepe r  u n d e r s t a n d i n g  o f  
The purpose  of t h i s  r e p o r t  i s  twofo ld :  To o u t l i n e  
g e n e r a i  methods or' a n a l y s i s  f o r  the intcrpretstioc zf a s t e r n i d  
o b s e r v a t i o n a l  d a t a  and t h e i r  s i g n i f i c a n c e ,  and t o  recommend 
f u r t h e r  o b s e r v a t i o n s  t o  ex tend  and  s u p p o r t  e x i s t i n g  hypotheses  
and t h e o r e t i c a l  approaches .  A summary l i s t  o f  recommended 
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o b s e r v a t i o n s ,  from b o t h  s p a c e  probes and E a r t h  b a s e d ,  is 
p r e s e n t e d  i n  t h e  f o l l o w i n g  t a b l e .  
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Repor t  No. P-14 
ANALYTICAL METHODS AND OBSERVATIONAL REQUIREMENTS 
FOR INTERPRETATION OF ASTEROID DISTRIBUTIONS 
1. INTRODUCTION 
The a s t e r o i d s ,  o r  minor p l a n e t s ,  c o n s t i t u t e  a numerous 
group o f  b o d i e s ,  which w i t h  f e w  e x c e p t i o n s  r e v o l v e  i n  o r b i t s  
of s m a l l  e c c e n t r i c i t y  and i n c l i n a t i o n  about  t h e  Sun i n  t h e  
r e g i o n  between Mars and J u p i t e r .  
h i g h l y  e c c e n t r i c  o r b i t s ,  approach t o  w i t h i n  t h e  o r b i t s  of  E a r t h  
o r  Venus o r  r e c e d e  t o  beyond J u p i t e r .  The a s t e r o i d s  a r e  s o l i d  
b o d i e s ,  o f  d e n s i t y  s i m i l a r  t o  t h e  E a r t h ' s  c r u s t ,  w i t h o u t  atmos- 
p h e r e s ,  hav ing  s i z e s  r a n g i n g  downward from abou t  770 k m  f o r  
Ceres presumably t o  micron s i z e  p a r t i c l e s .  
i n  shape  and r o t a t e  about  t h e i r  own axes  w i t h  p e r i o d s  u s u a l l y  
under  1 2  h r .  O f  t h e  e s t i m a t e d  30,000 a s t e r o i d s  w i t h i n  r e a c h  
I o f  t h e  l a r g e  r e f l e c t i n g  t e l e s c o p e s ,  r e l i a b l e  o r b i t s  have been 
The e x c e p t i o n s ,  u s u a l l y  w i t h  
Some are i r r e g u l a r  
c a l c u l a t e d  f o r  abou t  1600. 
The p r i n c i p a l  s o u r c e  of d a t a  i s  t h e  l i s t  o f  a s t e r o i d s ,  
Ephemerides o f  Minor P l a n e t s ,  p u b l i s h e d  y e a r l y  by t h e  I n s t i t u t e  
o f  T h e o r e t i c a l  Astronomy a t  Leningrad.  T h i s  l i s t  c o n t a i n s  t h e  
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c u r r e n t  o r b i t a l  e l emen t s  and magnitudes o f  what now number 
some 1650 a s t e r o i d s .  New d i s c o v e r i e s  and c o r r e c t i o n s  are com- 
municated i n  t h e  Minor P l a n e t  C i r c u l a r s  i s s u e d  by t h e  U n i v e r s i t y  
o f  C i n c i n n a t i  Obse rva to ry .  A s tudy  by Kuiper  (1958) i n d i c a t e s  
t h a t  a l l  437 a s t e r o i d s  w i t h  photographic  magnitude a t  o p p o s i t i o n  
e q u a l  t o  14 o r  less a r e  probably  known; and from a s t a t i s t i c a l  
e x t r a p o l a t i o n ,  t h e r e  are  e s t i m a t e d  t o  be 33,600 a s t e r o i d s  o f  
pho tograph ic  magnitude b r i g h t e r  t h a n  19 .5 .  E s t i m a t e s  o f  t h e  
a s t e r o i d  s i z e s  a r e  based  upon measurements o f  t h e i r  b r i g h t n e s s ;  
f o r  a b s o l u t e  magnitudes from 4 t o  8 t h e  mean d iame te r  i s  abou t  
300 km; f o r  t h e  s m a l l e r  obse rvab le  s i z e s  down t o  about  15 km, 
t h e  magnitude r anges  down t o  1 2  o r  13. 
The a s t e r o i d s  a r e  n o t  randomly d i s t r i b u t e d  th roughou t  
t h e  b e l t  b u t  p o s s e s s  d e f i n i t e  d i s t r i b u t i o n a l  f e a t u r e s .  
i n  t h e  d i s t r i b u t i o n  of  a s t e r o i d  o r b i t s  were r ecogn ized  i n  1868 
by Kirkwood, and a r e  shown i n  F i g u r e  1, where t h e  n u m b e r - d i s t r i -  
b u t i o n  o f  a s t e r o i d s  i s  p l o t t e d  a g a i n s t  t h e  mean d i s t a n c e  from 
t h e  Sun. 
p e r i o d  o f  11.86 years. 
d e f i n i t e  o r d e r i n g  effect  upon t h e  a s t e r o i d a l  m a t e r i a l .  A 
s i m p l e  mechanism e x p l a i n i n g  t h e  Kirkwood gaps i s  t h a t  t h e  
g r a v i t a t i o n a l  f o r c e  o f  J u p i t e r ' s  l a r g e  mass d r i v e s  t h e  a s t e r o i d s  
o u t  o f  t h e  p a r t i c u l a r  resonance  o r b i t s ;  however, t h e  a c t u a l  
mechan ica l  p r o c e s s  i s  a p p a r e n t l y  more compl i ca t ed  s i n c e  c l u s t e r -  
i n g  i s  observed  a t  some o f  t h e  e x p e c t e d  resonance  o r b i t s .  
Gaps 
The gaps occur  a t  c e r t a i n  f r a c t i o n s  o f  J u p i t e r ' s  
T h i s  f a c t  i n d i c a t e s  t h a t  J u p i t e r  has  a 
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A s  t h e  Kirkwood gaps demonst ra te  a r e sonance  f o r c i n g  
mechanism, s o  t h e  twe lve  T r o j a n  a s t e r o i d s  demons t r a t e  t h e  
e f f e c t s  of  a n o t h e r  t y p e  of f o r c i n g  mechanism a l s o  t e n d i n g  t o  
i n t r o d u c e  a n  o r d e r  i n t o  t h e  d i s t r i b u t i o n  of t h e  a s t e r o i d s .  I n  
t h i s  case, e q u i l i b r i u m  p o i n t s  occur  where t h e  g r a v i t a t i o n a l  
f o r c e s  of  t h e  Sun and J u p i t e r  b a l a n c e  t h e  c e n t r i p e t a l  f o r c e s  of 
t h e  o r b i t a l  motion.  A s  a resu l t ,  t h e r e  are two p o i n t s  t h a t  
r o t a t e  abou t  t h e  Sun w i t h  J u p i t e r ,  the Lagrang ian  p o i n t s ,  about  
which c e r t a i n  a s t e r o i d s  are observed  t o  c l u s t e r .  
a s t e r o i d s  o s c i l l a t e  i n  c l o s e d  o r b i t s  abou t  t h e s e  p o i n t s  when 
viewed from a r e f e r e n c e  sys tem r o t a t i n g  w i t h  t h e  same o r b i t a l  
p e r i o d  as J u p i t e r .  
t i o n ,  and t h e  Lagrangian  p o i n t s  are examples of l i b r a t i o n  
p o i n t s ;  t h e y  are a l s o  c a l l e d  s t a t i o n a r y  p o i n t s  s i n c e  t h e y  
c o r r e s p o n d  t o  p o s i t i o n s  of minimum p o t e n t i a l  energy  i n  a s u i t -  
a b l e  r e f e r e n c e  c o o r d i n a t e  system. 
The T r o j a n  
T h i s  o s c i l l a t o r y  motion i s  c a l l e d  a l i b r a -  
The e x i s t e n c e  of  t h e  Kirkwood gaps and t h e  c l u s t e r i n g  
of t h e  T r o j a n  groups  of  a s t e r o i d s  are f a m i l i a r  f e a t u r e s  t h a t  
have been e x t e n s i v e l y  i n v e s t i g a t e d .  However, t h e  s i g n i f i c a n c e  
o f  t h e s e  well-known f e a t u r e s  
e r t ies  of  t h e  a s t e r o i d a l  d i s t r i b u t i o n  p r e s e n t  an  un reso lved  
problem. The a s t e r o i d s  pose  many q u e s t i o n s  t h a t  remain t o  b e  
answered .  T h e i r  o r i g i n s ,  a g e s ,  and material p r o p e r t i e s  are 
n o t  d e f i n i t e l y  known. T h e i r  r o l e  i n  t h e  o r i g i n  and e v o l u t i o n  
o f  t h e  s o l a r  sys tem has  n o t  been d e f i n i t e l y  e s t a b l i s h e d ,  
n e i t h e r  h a s  t h e i r  r e l a t i o n s h i p  t o  o t h e r  i n t e r p l a n e t a r y  matter 
and o f  o t h e r  more obscure  prop-  
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n o r  t o  t h e  p l a n e t s  t hemse lves .  Although some a s t e r o i d s  a r e  
b e l i e v e d  t o  be t h e  f ragments  of o r i g i n a l l y  l a r g e r  b o d i e s ,  i t  
i s  n o t  known t o  what e x t e n t  t h e  t o t a l  a s t e r o i d a l  m a t t e r  con- 
s i s t s  of  p r i m o r d i a l  condensa t ions  o r  r e p r e s e n t s  t h e  remains 
o f  c a t a s t r o p h i c  e v e n t s .  
Our incomple te  knowledge o f  t h e  a s t e r o i d s  i s  t h e  r e s u l t  
o f  two fundamental  d e f i c i e n c i e s :  (1) i n s u f f i c i e n t l y  deve loped  
t h e o r e t i c a l  methods f o r  t h e  i n t e r p r e t a t i o n  o f  t h e  a s t e r o i d  
h i s t o r y  based  upon c u r r e n t  o b s e r v a t i o n s ,  and  ( 2 )  t h e  l a c k  o f  
a d e q u a t e  o b s e r v a t i o n a l  d a t a  conce rn ing  t h e  p r e s e n t  n a t u r e  o f  
t h e  a s t e r o i d s  . 
2 .  THE APPLICATION OF ANALYTICAL METHODS 
The v a r i o u s  methods f o r  t h e  a n a l y s i s  o f  a s t e r o i d a l  
d i s t r i b u t i o n s  may be c a t e g o r i z e d  i n t o  t h r e e  broad  c l a s s e s :  
(1) C e l e s t i a l  mechanics ,  
( 2 )  S t a t i s t i c a l  a n a l y s i s  o f  o b s e r v a t i o n a l  d a t a ,  and 
( 3 )  Ergodic  t h e o r y .  * 
The l i m i t a t i o n s  and s i g n i f i c a n c e  o f  t h e  methods w i t h  r e s p e c t  
t o  p a r t i c u l a r  a s p e c t s  o f  t h e  a s t e r o i d  d i s t r i b u t i o n  a r e  o u t l i n e d  
be l o w .  
2 . 1  Methods o f  C e l e s t i a l  Mechanics 
The p r i n c i p a l  t o o l  o f  c e l e s t i a l  mechanics i s  p e r t u r -  
b a t i o n  t h e o r y .  T h i s  t h e o r y  has  many r a m i f i c a t i o n s  b u t  i s  
r e s t r i c t e d  i n  i t s  e f f e c t i v e n e s s  by t h e  l e n g t h  o f  t i m e  f o r  
*The b ranch  o f  mathematics  concerned w i t h  f i n d i n g  t i m e  a v e r a g e s  
by means of phase  ave rages  ( e . g . ,  B i r k h o f f  1927, o r  Dunford 
and Schwartz  1958) .  
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which s a t i s f a c t o r y  accu racy  i s  a t t a i n a b l e .  
t i m e  p e r i o d  can  be ex tended  by o b t a i n i n g  more a c c u r a t e  o b s e r -  
v a t i o n s  o f  c u r r e n t  o r b i t a l  e lements  
i n  t h e  r a t e  of. convergence o f  t h e  p e r t u r b a t i o n  t e c h n i q u e s .  
Reduct ion i n  t h e  accumula t ion  of  e r r o r s  may be ach ieved  by 
The h i s t o r i c a l  
and by improved e f f i c i e n c y  
e x t e n d i n g  t h e  t h e o r y  t o  i n c l u d e  some o f  t h e  h i t h e r t o  n e g l e c t e d  
f o r c i n g  terms and by t h e  i n c l u s i o n  o f  h i g h e r  o r d e r  terms. 
F u r t h e r  improvement i s  p o s s i b l e  i f  more s u i t a b l e  c o o r d i n a t e  
s y s t e m s  can be found by means o f  c a n o n i c a l  t r a n s f o r m a t i o n s .  
The a p p l i c a t i o n  o f  ce l e s t i a l  mechanics h a s  l e d  t o  s i g n i f i -  
c a n t  r e s u l t s  i n  (1) d i s t i n g u i s h i n g  p a r t i c u l a r  groups o f  
a s t e r o i d s ,  ( 2 )  t h e  s t u d y  o f  resonances  l e a d i n g  t o  c l u s t e r i n g  
o r  v o i d s ,  and ( 3 )  t h e  d e t e r m i n a t i o n  of  t h o s e  modes o f  motion 
i n v o l v i n g  l i b r a t i o n s ,  r e v o l u t i o n s  w i t h  r e s p e c t  t o  s e l e c t e d  
r o t a t i n g  c o o r d i n a t e  s y s t e m s ,  s t a t i o n a r y  p o i n t s ,  and s t a b i l i t y  
o f  mot ion .  
2 ,, 1 e 1 A s t e r o i d  Groups 
With in  a d i s t i n c t l y  r ecogn ized  group o f  a s t e r o i d s ,  
t h e  members are c o n j e c t u r e d  t o  have been exposed t o  some 
common e v e n t .  For  example, t h e  e x i s t e n c e  of  d i s t i n c t  f a m i l i e s  
was r e c o g n i z e d  by Hirayama (1918) from a n  examinat ion  o f  t h e  
o r b i t a l  e l emen t s  of t h e  known a s t e r o i d s .  The o r b i t a l  e l emen t s  
c o n s i d e r e d  were t h e  e c c e n t r i c i t y ,  t h e  l o n g i t u d e  of the p e r i h e l i o n ,  
t h e  i n c l i n a t i o n  of  t h e  p l a n e  of t h e  a s t e r o i d  o r b i t  t o  t h e  
e c l i p t i c  p l a n e ,  and t h e  l o n g i t u d e  o f  t h e  a scend ing  node o f  t h e  
i n t e r s e c t i o n  o f  t h e  a s t e r o i d  o r b i t  w i t h  t h e  e c l i p t i c  p l a n e .  
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These f o u r  o r b i t a l  elements d e s c r i b e  t h e  shape and p o s i t i o n  
o f  t h e  a s t e r o i d  o r b i t .  The s i z e  o f  t h e  o r b i t  i s  d e f i n e d  by 
t h e  semimajor a x i s  which i s  d i r e c t l y  r e l a t e d  t o  t h e  p e r i o d  o f  
r e v o l u t i o n .  These o r b i t a l  e lements  remain c o n s t a n t  i f  no 
f o r c e s  e x c e p t  t h e  a t t r a c t i v e  f o r c e  o f  t h e  Sun i s  a c t i n g  on t h e  
a s t e r o i d s .  However, t h e  p e r t u r b i n g  f o r c e s  o f  t h e  p l a n e t s  
c a u s e  t h e  o r b i t a l  e l emen t s  t o  s lowly  change over  t h e  c o u r s e  
o f  thousands  o f  y e a r s .  
Hirayama c o n s i d e r e d  each o r b i t a l  e lement  t o  c o n s i s t  
o f  two p a r t s ,  t h e  unchanging p r o p e r  element which c h a r a c t e r i z e s  
t h e  a s t e r o i d ' s  own c o n t r i b u t i o n  
from t h e  p e r t u r b i n g  f o r c e s  o f  t h e  p l a n e t s .  A f t e r  de t e rmin ing  
t h e  p rope r  elements, he  d i s c o v e r e d  f i v e  f a m i l i e s ,  t h e  members 
and a v a r i a b l e  p a r t  r e s u l t i n g  
o f  e a c h  f a m i l y  hav ing  n e a r l y  t h e  same prope r  e c c e n t r i c i t y  and 
p r o p e r  i n c l i n a t i o n ,  w h i l e  t h e  o t h e r  o r b i t a l  e lements  are  scat-  
t e r e d .  H e  concluded  t h a t  t h e  minor p l a n e t s  be long ing  t o  a 
f a m i l y  are t h e  f ragments  of an o r i g i n a l l y  l a r g e r  body broken 
up by some c a t a s t r o p h i c  e v e n t .  A t  p r e s e n t ,  many more a s t e r o i d s  
have been examined, r e s u l t i n g  i n  e x t e n s i o n  of t h e  o r i g i n a l  
Hirayama f a m i l i e s .  Brouwer (1951) l i s t s  29 groups on t h e  
b a s i s  o f  some 1723 numbered a s t e r o i d s  i n  Minor P l a n e t s  f o r  1947 
p u b l i s h e d  by t h e  C i n c i n n a t i  Observa tory .  For  t h i s  l i s t i n g ,  he 
used  improved v a i u e s  f o r  t h e  c a i c u i a t i o n  of t n e  f o r c e d  motions 
d e r i v e d  from more a c c u r a t e  p l a n e t a r y  masses and i n c l u d i n g  t h e  
e f fec ts  o f  t h e  p r i n c i p a l  second-order  terms due t o  t h e  mutual  
a c t i o n s  of  J u p i t e r  and S a t u r n .  
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The example o f  t h e  Hirayama f a m i l i e s  p rov ides  an i n d i -  
c a t i o n  o f  how groups  o f  a s t e r o i d s  may be  s e l e c t e d  f o r  examina- 
t i o n  o f  o r i g i n a t i n g  mechanisms. Kuiper (1950) consi 'dered f o u r  
p o s s i b l e  break-up mechanisms: Exp los ion ,  r a p i d  r o t a t i o n ,  t i d a l  
b reak-up ,  and c o l l i s i o n .  H e  assumed t h a t  o r i g i n a l l y  f i v e  t o  
t e n  p l a n e t s  o f  t h e  s i z e  o f  t h e  l a r g e s t  a s t e r o i d s  were formed 
between 2 and 3.5 AU from t h e  Sun, and t h a t  consequent  f r a g -  
m e n t a t i o n  i s  most l i k e l y  t h e  r e s u l t  of  c o l l i s i o n s .  
Perhaps more i m p o r t a n t l y , t h e  method o f  s e l e c t i o n  upon 
which t h e  Hirayama f a m i l i e s  a r e  based p r o v i d e s  an example o f  
how ce l e s t i a l  mechanics may be employed t o  a n a l y z e  a s t e r o i d a l  
d i s t r i b u t i o n s  and de te rmine  p o s s i b l e  h i s t o r i c a l  e v e n t s .  
t h e o r y  a p p l i e d  by Hirayama i n  d e r i v i n g  t h e  p r o p e r  e lements  i s  
o n l y  a rough approximat ion .  
The 
The approx ima t ions  may be success- 
b u t  w i l l  become mean- f u l  f o r  p e r i o d s  o f  from lo6 t o  10 7 y e a r s  
i n g l e s s  f o r  a b i l l i o n  y e a r s .  Consequent ly ,  i f  t h e  f a m i l i e s  
are as o l d  as t h e  E a r t h ' s  c rus t ,  about  3 t o  5 b i l l i o n  y e a r s ,  
t h e  common o r i g i n  o f  t h e s e  a s t e r o i d s  canno t  be expec ted  t o  be 
found from t h e  t h e o r y  a s ' a p p l i e d  by Hirayama.  A l t e r n a t i v e l y ,  
i f  f r a g m e n t a t i o n  o c c u r r e d  a f t e r  a minor p l a n e t  had been r e v o l v i n g  
a b o u t  t h e  Sun f o r  more t h a n  abou t  a b i l l i o n  y e a r s ,  t h e  c e l e s t i a l  
mechanics  t e c h n i q u e  as a p p l i e d -  by Hirayama, perhaps  ex tended  
and improved, may p r o v i d e  a v a l i d  approx ima t ion .  
It i s  i n s t r u c t i v e  t o  examine more c l o s e l y  t h e  c e l e s t i a l  
mechanics  t e c h n i q u e s  a p p l i e d  t o  t h e  Hirayama f a m i l i e s .  T y p i c a l  
r e s t r i c t i o n s  and assumpt ions  g e n e r a l l y  employed i n  p l a n e t a r y  
I l l  R E S E A R C H  I N S T I T U T C !  
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I '  t h e o r y  a r e  i l l u s t r a t e d .  The p r i n c i p a l  assumptions are t h e  
fo l lowing :  
(1) The d i s t u r b a n c e  f u n c t i o n  f o r  t h e  p e r t u r b i n g  
f o r c e s  o f  t h e  p l a n e t s ,  a l t h o u g h  n o t  uniformly+; 
conve rgen t ,  i s  assumed t o  be r e p r e s e n t a t i v e  o f  
t h e  g r a v i t a t i o n a l  f o r c e  sys tem e x e r t e d  on t h e  
a s t e r o i d s  by the p l a n e t s .  
( 2 )  The h i g h e r  o r d e r  terms a r e  assumed t o  be n e g l i g i b l e ,  
a l t hough  t h e  n a t u r e  o f  t h e  r e t a i n e d  terms, i n  
r e a l i t y ,  depend upon t h e  p a r t i c u l a r  c o o r d i n a t e  
r e f e r e n c e  frame chosen. 
( 3 )  The e f f ec t s  of  t h e  p e r i o d i c  p a r t s  a r e  assumed t o  
ave rage  o u t ,  s o  t h a t  on ly  t h e  remain ing  s e c u l a r  
changes are  cons ide red  t o  be  s i g n i f i c a n t .  
The s o l u t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  
r e s u l t a n t  dynamical system i n c l u d e s  t h e  s u p e r p o s i t i o n  o f  t h e  
f o r c e d  motion caused  by t h e  p l a n e t  and t h e  free motion which 
i s  t h e  dynamica l ly  s i g n i f i c a n t  r e p r e s e n t a t i o n  o f  t h e  o r i g i n a l  
i n i t i a l  c o n d i t i o n s .  It i s  assumed t h a t  t h e  c h a r a c t e r  o f  t h i s  
f ree  motion has  p e r s i s t e d  from t h e  i n i t i a l  fo rma t ion  o f  t h e  
a s t e r o i d  up t o  t h e  p r e s e n t  t i m e .  Hence, f a m i l i e s  having  
s i m i l a r  v a l u e s  o f  t h e  d i f f e r e n c e  between t h e  c u r r e n t  observed 
v a l u e s  and t h e  computed v a l u e s  induced by t h e  p l a n e t s  a re  
assumed t o  have o r i g i n a t e d  from some common e v e n t ,  and t h e  
>kThe convergence  depends upon t h e  h i s t o r i c a l  t i m e  i n t e r v a l ;  t h e  
e n t i r e  ser ies  may a c t u a l l y  be a s y m p t o t i c a l l y  d i v e r g e n t ,  o r  
semi-convergent  (Po inca re  1905) ,  w h i l e  t h e  f i r s t  terms approximate 
t h e  d i s t u r b a n c e  f u n c t i o n .  
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v e l o c i t i e s  o f  t h e  f ragments .  
A more r e l i a b l e  e s t a b l i s h m e n t  of g roups ,  and e s p e c i a l l y  
group a g e s ,  r e q u i r e s  an ex tens ion  o f  t h e  t h e o r e t i c a l  methods 
s o  t h a t  some o f  t h e  r e s t r i c t i v e  assumptions may be r e l a x e d .  
Also,  t h e  need f o r  more o b s e r v a t i o n a l  i n f o r m a t i o n  i s  a p p a r e n t  
from F i g u r e  2 .  Even t h e  most compact Hirayama f a m i l i e s  show 
c o n s i d e r a b l e  s c a t t e r  and r e l a t i v e l y  few numbers. For  t h e  
e s t i m a t e d  minimum of 30,000 a s t e r o i d s  w i t h i n  r e a c h  o f  t h e  
l a r g e  r e f l e c t i n g  t e l e s c o p e s ,  t h e  c a r e f u l  and a c c u r a t e  observa-  
t i o n  and computat ion o f  t h e  o r b i t a l  e lements  appea r s  t o  invo lve  
a p r o h i b i t i v e  amount o f  e f f o r t .  S p a c e c r a f t  would seem t o  o f f e r  
t h e  p o s s i b i l i t y  of  obse rv ing  s m a l l  a s t e r o i d s , b u t  i t  would on ly  
be p o s s i b l e  t o  a s s o c i a t e  a g iven  a s t e r o i d  w i t h  a f ami ly  a f t e r  
i t s  o r b i t a l  e lements  had been determined.  Th i s  would seem t o  
be an  e x c e s s i v e l y  redundant  procedure .  
The s p r e a d  i n  t h e  i n i t i a l  v e l o c i t y  d i s t r i b u t i o n  o f  a 
fragmented a s t e r o i d  i s  c o r r e l a t e d  w i t h  t h e  sp read  i n  t h e  p r o p e r  
o r b i t a l  e lements  o f  t h e  r e s u l t i n g  fami ly .  The i n i t i a l  v e l o c i t y  
d i s t r i b u t i o n  may be i n f e r r e d  from t h e  a p p l i c a t i o n  o f  p r i n c i p l e s  
o f  c o l l i s i o n  mechanics i f  t h e  p h y s i c a l  impact p r o p e r t i e s  o f  
t h e  a s t e r o i d a l  material  i s  known. To t h i s  end ,  c o l l e c t i o n  and 
s t u d y  of a s L e r o i d a i  mttei '  iiiay l e a d  tc a s z f f i c i m t l y  a c c u r a t e  
d e t e r m i n a t i o n  o f  t h e  r e q u i r e d  p h y s i c a l  p r o p e r t i e s .  
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2 . 1 . 2  Resonances 
Another a s p e c t  o f  t h e  f o r c i n g  mechanisms c a p a b l e  
o f  i n t r o d u c i n g  an  o r d e r i n g  i n t o  t h e  a s t e r o i d  d i s t r i b u t i o n  i s  
man i fe s t ed  by t h e  Kirkwood g a p s .  The p h y s i c a l  concep t ion  o f  
an o rde r -p roduc ing  f o r c e  mechanism may be c l a r i f i e d  by con- 
s i d e r a t i o n  o f  a c o n t r a s t i n g  s i t u a t i o n  where t h e  p e r t u r b a t i o n a l  
forces a c t i n g  upon an  a s t e r o i d  i n  o r b i t  a re  p e r f e c t l y  random. 
I n  t h i s  example of  a non-ordering mechanism, t h e  mean o r b i t  
may be  expec ted  t o  be  i n v a r i a n t  w i t h  t i m e s i n c e  t h e  s ina l1  e f f e c t s  
o f  t h e  random p e r t u r b a t i o n s  t e n d  t o  ave rage  o u t .  On t h e  o t h e r  
hand,  i f  t h e  p e r t u r b a t i o n a l  f o r c e s  occur  i n  some d e f i n i t e  
r e p e t i t i o u s  manner, t h e  cumula t ive  e f f e c t  w i l l  r e s u l t  i n  a 
d i s t i n c t i v e  t r e n d  i n  t h e  pe r tu rbed  o r b i t .  Such e f f e c t s  may 
be b r o a d l y  d e s c r i b e d  as o r b i t a l  r e sonances  (Brown and Shook 
1933) and may be  expec ted  whenever t h e  r a t i o  o f  t h e  o r b i t a l  
f r equency  of an a s t e r o i d  t o  t h e  o r b i t a l  f requency  o f  J u p i t e r  
o c c u r s  as t h e  r a t i o  of  i n t e g r a l  numbers. I n  t h i s  case, t h e  
o r b i t a l  motion o f  t h e  a s t e r o i d  i s  s a i d  t o  be  commensurable w i t h  
t h e  motion o f  J u p i t e r .  A t  such a commensurabi l i ty ,  t h e  p e r -  
t u r b i n g  f o r c e s  o f  J u p i t e r  may be  expec ted  t o  occur  w i t h  a 
d e f i n i t e  r e p e t i t i o n  r a t e ,  t e n d i n g  t o  d r i v e  t h e  a s t e r o i d  o u t  
of t h o s e  o r b i t s  hav ing  p e r i o d s  commensurable w i t h  t h e  p e r i o d  
of J u p i t e r .  F o r  t h e  commensurable case,  t h e  r a t i o  o f  o r b i t a l  
f r e q u e n c i e s  can  be expres sed  a s :  
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where q and p a r e  i n t e g e r s r a n d  t h e  value of t h e  i n t e g e r  q i s  
c a l l e d  t h e  "order  o f  t h e  commensurabili ty".  
Brouwer (1963) shows i n  F igu re  3 t h e  number d i s t r i b u -  
t i o n '  o f  a s t e r o i d s  as a f u n c t i o n  of  t h e i r  mean a n g u l a r  v e l o c i t y  
o r  motion. The l o c a t i o n s  o f  commensurabi l i t i es  up t o  o r d e r  10 
are  marked on t h e  upper p a r t  of t h e  diagram. The o r b i t a l  
p e r i o d  i s  d i r e c t l y  r e l a t e d  t o  Che mean d i s t a n c e  o f  t h e  o r b i t  
from t h e  Sun. From t h e  d i a g r a m , i t  may be observed  t h a t  a s  t h e  
mean r a d i u s  approaches t h a t  of J u p i t e r ,  t h e  r a d i i  a t  which 
commensurab i l i t i e s  o f  a g iven  o r d e r  occur  t e n d  t o  crowd 
t o g e t h e r .  The o r b i t s  i n  t h e s e  o u t e r  r e g i o n s  o f  t h e  a s t e r o i d  
b e l t  may o s c i l l a t e  between t h e  c l o s e l y  spaced  commensurab i l i t i e s  
c r e a t i n g  a c l u s t e r i n g  o f  observed o r b i t s  such  a s  occur s  a t  t h e  
3 / 2  resonance .  
t h e  o r b i t  o f  J u p i t e r  i s  t h e  Tro jan  group and may be e x p l a i n e d  
by t h e  e q u i l i b r i u m  o f  f o r c e s  cor responding  t o  s t a t i o n a r y  p o i n t s  
of minimum p o t e n t i a l  energy .  
The c l u s t e r i n g  a t  t h e  1/1 commensurabi l i ty  on 
The crowding o f  commensurab i l i t i e s  f o r  each  o r d e r  a s  
t h e  o r b i t  o f  J u p i t e r  i s  approached i s  t o  be expec ted .  I f  t h e  
a s t e r o i d  o r b i t a l  f requency  i s  expres sed  i n  u n i t s  n o f  t h e  
f r e q u e n c y  o f  J u p i t e r ,  t h e n  i t  i s  w e l l  known ma themat i ca l ly  
t h a t  a commensurabi l i ty  w i l l  occur  f o r  each  r a t i o n a l  v a l u e  
of  n .  S i n c e  t h e  mean d i s t a n c e  fruul  t h e  Six is 2 c c n t h u u m  n f  
r e a l  numbers, t h e  cor responding  spectrum of f r e q u e n c i e s  i s  
a l s o  a continuum. Consequent ly ,  t h e r e  a r e  a denumerably 
i n f i n i t e  number o f  commensurab i l i t i e s  f o r  a f i n i t e  range  An o f  























RATIO = ‘f = 3/1 2/1 1 / 1  %JUPITER 
p = I  I I 1 
I 0 COM MEN SURA B I L I TY  = q = 2 
rf  = 7/2 5/2 3/2 p = 2  
I I I I I I 
q= 5 4 3 2 I 0 
‘f= 10/3 8 /  3 7/3 5/3 4/3 p = 3  
I I I I I I I 1 
2 I ol 
4 1 








0 FIRST ORDER q - l  1 
CROWDS TOWARDS I 







L I  
fn 4 0 1  
I 
I I I I I  I 
I 










i I  
250 
MEAN MOTION,/DAY 
NOTE: RATIO OF ORBITAL FREOUENCIES = I + 1 = rf q , p  = INTEGERS P 
q = ORDER OF COMMENSURABILITY 
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f r e q u e n c i e s .  Th i s  a p p a r e n t l y  p a r a d o x i c a l  mathemat ica l  s i t u a t i o n  
can  be made p h y s i c a l l y  meaningful  i f  t h e  i n f l u e n c e  o f  t h e  p e r -  
t u r b i n g  f o r c e s  d imin i shes  a s  t h e  o r d e r  of t h e  co r re spond ing  
commensurab i l i t i e s  i n c r e a s e s .  To r e s o l v e  t h e  a p p a r e n t  a m b i g u i t i e s  
and e x p l a i n  t h e  appearance  o f  c l u s t e r i n g  a t  t h e s e  o u t e r  r e g i o n s ,  
f u r t h e r  o b s e r v a t i o n a l  d a t a  and extended a n a l y s e s  are r e q u i r e d .  
2 . 1 . 3  S t a t i o n a r y  P o i n t s  
It was mentioned above t h a t  t h e  Tro jan  g r o u p ,  
which c l u s t e r s  a t  t h e  Lagrangian p o i n t s , c o r r e s p o n d s  to p o s i t i o n s  
where t h e  p o t e n t i a l  energy  f u n c t i o n  has  a minimum, o r  s t a t i o n -  
a r y  v a l u e .  From t h e  s o l u t i o n  of  t h e  d i f f e r e n t i a l  e q u a t i o n s  
o f  motion i n  a s u i t a b l e  r o t a t i n g  c o o r d i n a t e  system, t h e  l i b r a -  
t i o n  o r b i t s  o f  t h e  T r o j a n s  about  t h e  r o t a t i n g  Lagrangian p o i n t s  
may be computed (Rabe 1 9 6 1 ) .  Brown (1933) h a s  ana lyzed  t h e  
motions of  t h e . T r o j a n s  cons ide red  as a four-body problem i n -  
c l u d i n g  the perturbation forces of  S a t u r n  as w e l l  a s  J u p i t e r .  
The p r i n c i p a l  o f  a s t a t i o n a r y  v a l u e  o f  a f u n c t i o n  may be 
a p p l i e d  t o  f i n d  o t h e r  d i s t r i b u t i o n a l  f e a t u r e s  o f  t h e  a s t e r o i d s .  
For  example,  Hagihara  (1957)  d e s c r i b e s  c r i t e r i a  f o r  de t e rmin ing  
whe the r  t h e  p e r i h e l i o n  o f  a n  a s t e r o i d  o r b i t  w i l l  o s c i l l a t e  
abou t  t h e  p e r i h e l i o n  o f  J u p i t e r  ( cons ide red  as a s t a t i o n a r y  
p o i n t )  o r  make a complete  r e v o l u t i o n  i n  a r e f e r e n c e  frame 
r o t a t i n g  w i t h  J u p i t e r .  
Brouwer (1963) has  computed t h e  a s t e r o i d  d i s t r i b u t i o n s  
t o  be expec ted  i n  t h e  v i c i n i t y  o f  a r e sonance  p o i n t  ( a s  
d e s c r i b e d  above)  by demonst ra t ing  t h a t  i n  a s u i t a b l e  c o o r d i n a t e  
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s y s t e m ,  t h e  c o r r e l a t i o n  o f  t h e  p o t e n t i a l  energy,  c a l l e d  t h e  
Hami l tonian ,  i s  an  i n v a r i a n t  p r o p e r t y  c a r r i e d  by t h e  a s t e r o i d .  
The d i s t r i b u t i o n  of  t h e  v a l u e s  of t h i s  i n v a r i a n t  has  a s t a t i o n -  
a r y  v a l u e  a t  a commensurabi l i ty ;  and from t h i s  f a c t , t h e  number 
d i s t r i b u t i o n  of t h e  a s t e r o i d s  i n  t h e  neighborhood o f  a commen- 
s u r a b i l i t y  i s  expec ted  t o  be V-shaped (one l eg  o f  t h e  V-shaped 
d i s t r i b u t i o n  i s  shown i n  F i g u r e  4 ) .  
The a n a l y s i s ,  based upon t h e  methods o f  Hamil tonian 
mechanics ,  u t i l i z e s  s p e c i a l  c a n o n i c a l  c o o r d i n a t e s  r a t h e r  t han  
t h e  c o o r d i n a t e s  of p h y s i c a l  space .  For  t h i s  c a s e , t h e  s p e c i a l  
c o o r d i n a t e s  a r e  t h e  modi f ied  Delaunay v a r i a b l e s ,  i n v o l v i n g  
dynamical  and k i n e m a t i c a l  pardmeters  o f  t h e  a s t e r o i d s .  Th i s  
t y p e  of  a n a l y s i s  i s  of importance because t h e  hypotheses  i n t r o -  
duced i n t o  t h e  a p p l i c a t i o n  of c e l e s t i a l  mechanics a r e  c l e a r l y  
b rough t  o u t  and may be t e s t e d  by o b s e r v a t i o n a l  ev idence .  The 
V-shaped number -d i s t r ibu t ions  occur  i n  t h e  neighborhood o f  
r e sonances  i n  t h e  i n n e r  and c e n t r d l  r e g i o n s  of t h e  a s t e r o i d a l  
r i n g .  
of J u p i t e r  i s  approached), t h e  r a d i i  a t  which resonances  may 
o c c u r  crowd t o g e t h e r  and compl ica te  t h e  t h e o r e t i c a l  t r e a t m e n t  
o f  o r b i t a l  s t a b i l i t i e s .  The a s t e r o i d a l  o r b i t s  i n  t h e s e  r e g i o n s  
may o s c i l l a t e  between t h e  c l o s e l y  spaced commensurab i l i t i e s  
c r e a t i n g  a c l u s t e r i n g .  A s  a consequence,many more d e t a i l e d  
d a t a  on a s t e r o i d s  a r e  r e q u i r e d  t o  ex tend  o r  modify t h e  e x i s t i n g  
dynamical  t h e o r y  of  p e r t u r b a t i o n a l  r e sonances .  Th i s  i s  
p a r t i c u l a r l y  t r u e  f o r  t h e  o u t e r  p a r t s  of t h e  r i n g .  Thus, 
A t  t h e  o u t e r  r eaches  o f  t h e  a s t e r o i d a l  r i n g  ( a s  t h e  o r b i t  
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s i g n i f i c a n t  advances i n  t h e  unde r s t and ing  and c a p a b i l i t y  o f  
p r e d i c t i n g  c l u s t e r i n g  o r  vo ids  i n  t h e  a s t e r o i d a l  d i s t r i b u t i o n s  
may depend upon d e t a i l e d  o b s e r v a t i o n s  from l a r g e  r e f l e c t o r s  
and p o s s i b l y  space  probe o b s e r v a t i o n s .  
2.1.4 Q u a l i t a t i v e  Theory 
I n  t h e  t r e a t m e n t  of  t h e  d i s t r i b u t i o n  o f  a s t e r o i d  
o r b i t s  by t h e  u s u a l  p e r t u r b a t i o n  methods o f  p l a n e t a r y  t h e o r y  
a s  d i s c u s s e d  above,  t h e  long-per iod  terms w i t h  s m a l l  c o e f f i c i e n t s  
i n  t h e  d i s t u r b i n g  f u n c t i o n  a r e  ignored .  These te rms ,which  a re  
e f f e c t i v e l y  absorbed i n  t h e  i n t e g r a t i o n  c o n s t a n t s  f o r  a f i n i t e  
i n t e r v a l  o f  t i m e ,  may ve ry  w e l l  i n v a l i d a t e  t h e  t h e o r e t i c a l  
r e s u l t s  i f  very  long epochs a r e  t o  be cons ide red .  Recen t ly ,  
a t t e m p t s  have been made t o  avoid t h i s  d i f f i c u l t y  by u s i n g  
methods o f  t h e  q u a l i t a t i v e  theo ry  o f  d i f f e r e n t i a . 1  e q u a t i o n s .  
A theorem impor t an t  t o  t h e  problem of  a s t e r o i d a l  d i s -  
t r i b u t i o n s  has  been developed by Arnold (1963) based  upon 
t o p o l o g i c a l  methods. H e  s t a t e s  t h a t  chanses  i n  t h e  o r b i t s  due 
t o  mutual  p e r t u r b a t i o n s  remain s m a l l  f o r  i n d e f i n i t e l y  long  
times f o r  t h e  m a j o r i t y  o f  i n i t i a l  c o n d i t i o n s  f o r  p l a n e t s  o f  
s u f f i c i e n t l y  s m a l l  masses w i t h  n e a r l y  c i r c u l a r  o r b i t s  i n  a 
s i n g l e  p l a n e .  The importance of t h i s  theorem i s  t h a t  a p r e c i s e  
s t a t e m e n t  i s  made concern ing  p l a n e t a r y  motions t h a t  i s  n o t  
dependent  upon t h e  t i m e  i n t e r v a l ,  i n  c o n t r a s t  t o ,  s a y ,  t h e  
c l a s s i c a l  Poisson  theorem f o r  t h e  i n v a r i a b i l i t y  of t h e  semi- 
major a x e s ,  which i s  r e s t r i c t e d  t o  o n l y  t h e  lower o r d e r  terms. 
The n e g l e c t e d  h i g h e r  o r d e r  terms become o f  i n c r e a s i n g  s i g n i f i c a n c e  
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w i t h  t h e  pas sage  of  t i m e .  Applying t h i s  theorem t o  t h e  t h r e e -  
body problem c o n s i s t i n g  o f  t h e  Sun, J u p i t e r ,  and an a s t e r o i d ,  
w e  can  say  t h a t  t h e r e  e x i s t s  a se t  o f  i n i t i a l  c o n d i t i o n s  such  
t h a t  i f  t h e  i n i t i a l  p o s i t i o n s  and v e l o c i t i e s  be long  t o  t h i s  
se t ,  t h e n  t h e  bod ies  p e r p e t u a l l y  remain a t  a l i m i t e d  d i s t a n c e  
from each  o t h e r .  Th i s  theorem is  s i g n i f i c a n t  n o t  on ly  t o  t h e  
Kirkwood gaps ,  b u t  a l s o  t o  t h e  unde r ly ing  h y p o t h e s i s  f o r  t h e  
a p p l i c a t i o n  o f  e r g o d i c  t h e o r y  w h e r e  t h e  t r a j e c t o r i e s  are  re- 
q u i r e d  t o  be bound t o  a d e f i n i t e  f i n i t e  r e g i o n  i n  phase  space .  
The b a s i c  problem of t h e  q u a l i t a t i v e  t h e o r y  i s  t o  
de t e rmine  t h e  r e g i o n s  t o  which t h e  a s t e r o i d  t r a j e c t o r i e s  are  
bound. These r e g i o n s  can be r e p r e s e n t e d  by a mul t id imens iona l  
i n v a r i a n t  t o r u s  f i l l e d  by t h e  c o n d i t i o n a l l y  p e r i o d i c  t ra jec-  
t o r i e s ,  t o g e t h e r  w i t h  some neighborhood whose e y t e n t  depends 
upon t h e  pa rame te r s  o f  t h e  system. The motions may be r e s o l v e d  
i n t o  "fast" and " s l o w "  f r e q u e n c i e s .  
i s  an  a s t e r o i d  t r a j e c t o r y  d e s c r i b e d  by t h e  Kep le r i an  o r b i t  w i t h  
c o n s t a n t  v a l u e s  of t h e  o r b i t a l  parameters. The f i r s t  app rox i -  
mat ion  p e r m i t s  s m a l l  o s c i l l a t i o n s  o f  t h e s e  pa rame te r s ,  and t h e  
second approximat ion  pe rmi t s  s e c u l a r  changes i n  t h e  e c c e n t r i -  
c i t y  and  l o n g i t u d e s  o f  t h e  ascending  node and p e r i h e l i o n  and 
i s  c a l l e d  t h e  Lagrangian motion. The Kep le r i an  motion c o r r e -  
sponds  t o  a f a s t  f requency and t h e  Lagrangian motion t o  a slow 
f r equency  t h a t  is  c o n d i t i o n a l l y  p e r i o d i c .  A motion i s  c a l l e d  
c o n d i t i o n a l l y  p e r i o d i c  i f  i t  r e t u r n s  a r b i t r a r i l y  c l o s e  t o  any 
p r e v i o u s  p o i n t .  
The z e r o t h  approximat ion  
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Two p o s s i b l e  c l a s s e s  o f  motions a r e  l i b r a t i o n s  and 
r o t a t i o n s ,  which form two se t s  of t o p o l o g i c a l l y  i r r e d u c i b l e  
c u r v e s  on t h e  t o r u s .  By a s u i t a b l e  c a n o n i c a l  t r a n s f o r m a t i o n ,  
a c a n o n i c a l  "angle" v a r i a b l e  w may be found such t h a t :  
q(w),  l i b r a t i o n  
q(w) + 27, r o t a t i o n  q(w + 1) = 
If t h e  pa rame te r s  o f  t h e  a s t e r o i d  s y s t e m  a r e  s lowly  v a r y i n g  
such  t h a t  i n  t h e  l i m i t  t h e  t i m e  d e r i v a t i v e s  o f  t h e  parameters  
go t o  z e r o ,  t h e n  t h e  system i s  s a i d  t o  undergo an " a d i a b a t i c  
change". 
The purpose  o f  t h i s  d i s c u s s i o n  o f  q u a l i t a t i v e  methods 
i s  t o  p o i n t  o u t  t h e  e x i s t e n c e  of t h i s  p o i n t  o f  view and t h e  p o s s i -  
b i l i t y  t h a t  th rough t h e  u s e  o f  t h e s e  t e c h n i q u e s ,  namely, a d i a b a t i c  
i n v a r i a n t s ,  i n v a r i a n t  t o r i ,  and e r g o d i c  t h e o r y ,  q u e s t i o n s  con- 
c e r n i n g  a s t e r o i d a l  d i s t r i b u t i o n s  may be r e s o l v e d .  The q u e s t i o n s  
a r e  e s s e n t i a l l y  t h o s e  of s t a b i l i t y  of  motion and t h e  de te rmina-  
t i o n  o f  t h e  e x t e n t  o f  r e g i o n s  t o  which t h e  t r a j e c t o r i e s  a r e  bound 
f o r  i n f i n i t e  p e r i o d s  o f  t i m e .  This  i s  i n  c o n t r a s t  t o  t h e  g e n e r a l  
aim o f  p e r t u r b a t i o n  t echn iques  t o  de te rmine  ephemerides- type 
i n f o r m a t i o n  p r e d i c t i n g  t h e  p a r t i c u l a r  s p a t i a l  h i s t o r y  f o r  
i n d i v i d u a l  a s t e r o i d s .  When t h e  a c t u a l  h i s t o r i c a l  t r a j e c t o r y ,  
a l b e i t  approximate ,  cannot  be computed, u s e f u l  i n f o r m a t i o n  can  
s t i l l  be  d e r i v e d  from q u a l i t a t i v e  t h e o r y .  From such i n f o r m a t i o n ,  
p r e d i c t i o n s  can be made o f  t r e n d s  toward c l u s t e r i n g  o r  d i s -  
p e r s i o n  , and co r re spond ing  r a t e s  , from which d i r e c t  i n f e r e n c e s  
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may be d e r i v e d  conce rn ing  o r i g i n s  and e v o l u t i o n s ,  
2 . 2  S t a t i s t i c a l  Ana lys i s  o f  O b s e r v a t i o n a l  Data 
The d i sadvan tages  of t h e  c l a s s i c a l  c e l e s t i a l  mechanics 
methods i n c l u d e  mathemat ica l  complexity and l i m i t a t i o n s  o f  t h e  
h i s t o r i c a l  t i m e  p e r i o d ,  w i t h  the  advantage t h a t  r e l a t i v e l y  f e w  
o b s e r v a t i o n a l  d a t a  a r e  r e q u i r e d .  By o b t a i n i n g  l a r g e  samples o f  
s i g n i f i c a n t  d a t a ,  much mathematics ,  o f t e n  o f  unmanageable com- 
p l e x i t y ,  may be avoided  by t h e  a p p l i c a t i o n  o f  s t a t i s t i c a l  
methods. Through t h e  examinat ion o f  such  d a t a ,  a t t e m p t s  have 
been made t o  d i s c o v e r  r e l a t i o n s h i p s  upon which t o  base  e m p i r i c a l  
laws o r  c o n j e c t u r a l  hypo theses .  By t h i s  p r o c e d u r e , h e u r i s t i c  
t h e o r i e s  have evolved  r e g a r d i n g  p l a n e t a r y  o r i g i n s  and t h e  
r e c o g n i t i o n  o f  f a m i l i e s  o f  a s t e r o i d s  w i t h  common c h a r a c t e r i s t i c s .  
2 . 2 . 1  I n i t i a l  S c a t t e r  V e l o c i t i e s  
An example o f  t h e  a p p l i c a t i o n  o f  a s t a t i s t i c a l  
examinat ion  o f  d a t a  combined wi th  c e l e s t i a l  mechanics i s  Brouwer's  
(1961) a n a l y s i s  of  t h e  average  v e l o c i t i e s  w i t h  which fragments  
a r e  d i s p e r s e d  from a f r a c t u r e d  p a r e n t  body. H e  concluded t h a t  
t h e  a v e r a g e  d i s p e r s i o n  v e l o c i t i e s  need on ly  have been about  
300 f p s  f o r  t h e  more compact f a m i l i e s ,  and abou t  1000 f p s  f o r  
t h e  F l o r a  f a m i l y .  On t h e  b a s i s  o f  p e r t u r b a t i o n  t h e o r y ,  t h e  
f i r s t  o r d e r  s e c u l a r  changes o f  t h e  o r b i t a l  e lements  a r e  d i r e c t l y  
r e l a t e d  t o  changes i n  t h e  i n i t i a l  v e l o c i t i e s .  From t h e  s p r e a d  
i n  A , B ,  ( r i l  + el), and a ,  t h e  cor responding  s p r e a d  i n  t h e  
s c a t t e r  v e l o c i t i e s  can  be computed. The r e s u l t s  a r e  shown i n  
Tab le  1, where A and B a r e  t h e  p rope r  e c c e n t r i c i t y  and 
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i n c l i n a t i o n ,  ( T J ~  + el) is t h e  sum o f  t h e  p rope r  p e r i h e l i o n  
and node,  which shou ld  be t ime independent ,*  and a i s  t h e  s e m i -  
major  a x i s .  
where 
o r b i t .  
* *  
The o r t h o g o n a l  v e l o c i t y  components a r e  (F, 7 ,  3 )  
i s  normal t o  t h e  o r b i t a l  p l a n e ,  and ?j i s  t a n g e n t  t o  t h e  
The s t a n d a r d  d e v i a t i o n s  i n  7 a r e  on t h e  ave rage  g r e a t e r  
by a f a c t o r  o f  2 . 7 .  t han  I; by a f a c t o r  o f  6 ,  and g r e a t e r  t h a n  
Before  i n f e r e n c e s  can  be d e r i v e d  from t h e s e  d e v i a t i o n s  i n  t h e  
s c a t t e r  v e l o c i t i e s ,  more shou ld  be known about  t h e  expec ted  
sca t te r  v e l o c i t y  d i s t r i b u t i o n  f o r  a g i v e n  breakup phenomena. 
Also, more shou ld  be known o f  t h e  e f f e c t  of s e c u l a r  v a r i a t i o n s  
on t h e  s p r e a d  o f  t h e  i n i t i a l  scat ter  v e l o c i t i e s  and t h e  r a t i o s  
between t h e  t h r e e  components. S ince  t h e  semimajor axes  are 
known t o  be more s t a b l e  than  t h e  i n c l i n a t i o n s ,  e ccen t r i c i t i e s ,  
and nodes ,  t h e  s t a n d a r d  d e v i a t i o n s  i n  f shou ld  be expec ted  t o  
g i v e  t h e  b e s t  i n d i c a t i o n  of  t h e  s c a t t e r  v e l o c i t i e s .  If t h e  
c a u s e  o f  breakup were a c o l l i s i o n ,  t h e n  from comparison o f  A? 
w i t h  t h e  expec ted  c o l l i s i o n .  v e l o c i t y ,  some i n f e r e n c e s  c o u l d  be 
d e r i v e d  about  t h e  r e l a t i v e  s i z e s  o f  t h e  c o l l i d i n g  b o d i e s .  For 
example,  i f  t h e  expec ted  c o l l i s i o n  v e l o c i t y  were 1 km/sec 
t h e n  s i n c e  t h e  s t a n d a r d  d e v i a t i o n s  of  a r e  much smaller t h a n  
t h i s  v a l u e ,  t h e  f r agmen ta t ion  i s  l i k e l y  t h e  r e s u l t  of a c o l -  
l i s i o n  o f  t h e  p a r e n t  body w i t h  ano the r  body o f  much s m a l l e r  
i 
mass. 
*This i s  t r u e  because t h e  t h e o r y  o f  Hirayama i n d i c a t e s  t h a t  
w i t h i n  a g iven  group t h e  r a t e  of advance of t h e  p e r i h e l i o n  
s h o u l d  e q u a l  t h e  r a t e  o f  r e g r e s s i o n  o f  t h e  node. 
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I '  2 . 2 . 2  A s t e r o i d a l  Gr inding  and Group Ages 
From an examinat ion  o f  t h e  s i z e  d i s t r i b u t i o n  of 
t h e  a s t e r o i d s , A n d e r s  (1965) has  made t h e  f o l l o w i n g  t e n t a t i v e  
hypotheses :  
I 
(1) "The a s t e r o i d  b e l t  i s  n o t  i n  a h i g h l y  fragmented 
s t a t e .  The p r e s e n t  d i s t r i b u t i o n  i s  on ly  a few 
s t e p s  removed from t h e  o r i g i n a l  one."  
( 2 )  "The c o l l i s i o n a l  h a l f - l i f e  o f  a s t e r o i d s ,  f o r  a 
9 loss  of one -ha l f  t h e i r  mass,  i s  6 . 1  x 10 y r s . "  
( 3 )  "The c r o s s - s e c t i o n a l  a r e a  o f  a l l  a s t e r o i d s  
b r i g h t e r  t h a n  magnitude 14 has  i n c r e a s e d  by on ly  
6 p e r c e n t  d u r i n g  t h e  l a s t  4 . 5  x 10 9 y r s . "  
( 4 )  "The ave rage  c rush ing  s t r e n  t h  o f  a s t e r o i d s  seems 
8 9 t o  be abou t  2 x 10 dyne/cm . I1  
(5) "The h a l f - l i f e  f o r  d i s p e r s a l  o r  d e s t r u c t i o n  of 
Hirayama f a m i l i e s  i s  g r e a t e r  o r  e q u a l  t o  
2 . 2  x 10 y r s . "  9 
The s i z e  d i s t r i b u t i o n  of t h e  a s t e r o i d s  on t h e  b a s i s  o f  a b s o l u t e  
v i s u a l  magnitude g i s  shown i n  F igu re  5 by Kuiper (1958) ,  who 
has  c o n j e c t u r e d  t h a t  t h e  change i n  s l o p e  o f  t h e  cu rve  a t  mag- 
n i t u d e  g = 9 ,  s e p a r a t e s  t h e  a s t e r o i d s  i n t o  two c l a s s e s .  The 
l a r g e r  a s t e r o i d s  a re  e s s e n t i a l l y  t h e  pr imeval  b o d i e s ,  and t h e  





I Or! the b a s i s  of t h e  observed s i z e  d i s t r i b u t i o n , v a r i o u s  
s e m i - e m p i r i c a l  laws have been proposed t o  r e p r e s e n t  t h e  g r o s s  
c o l l i s i o n a l  p r o c e s s e s  and p r e d i c t  t h e  s i z e  d i s t r i b u t i o n s  down 
th rough  t h e  s m a l l e r  unobserved a s t e r o i d s .  Hawkins (1960) has  
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proposed a "comminution law": 
l o g  p = k l o g  x + c o n s t  
where Ap i s  t h e  f r a c t i o n  o f  t h e  t o t a l  mass i n  t h e  s i z e  range  
(x, x + Ax). 
a s  g r i n d i n g  c o n t i n u e s ,  t h e  va lue  of k approaches z e r o .  The 
o r i g i n a l  a p p l i c a t i o n  o f  t h e  law was f o r  t h e  g r i n d i n g  o f  q u a r t z  
i n  a r o d  m i l l  (Gaudin 1944) .  
For  e a r l y  grinding, i t  i s  assumed t h a t  IC = 1, and 
The hypotheses  o f  Anders, mentioned above,  a r e  based 
upon a p o p u l a t i o n  growth law, i n  which t h e  c o l l i s i o n  r a t e  i s  
assumed p r o p o r t i o n a l  t o  t h e  number o f  a s t e r o i d s  p r e s e n t .  J a schek  
and Jaschek  (1963) assume a c o l l i s i o n  p r o b a b i l i t y  l a w  p r o p o r t i o n -  
a l  t o  t h e  s q u a r e  of t h e  number n o f  a s t e r o i d s :  
where q i s  t h e  i n c r e a s e  i n  t h e  number of bodies  due t o  c o l l i s i o n  
and k n i s  t h e  c o l l i s i o n  frequency.  They a r r i v e  a t  an  e s t i m a t e  
of abou t  5 x 10 y r s  f o r  t h e  mean f ami ly  l i f e .  It may be no ted  
t h a t  age  d e t e r m i n a t i o n s  o f  i r o n  m e t e o r i t e s  i n d i c a t e  major col-  
6 6 l i s i o n s  a t  t i m e s  630 x 10 and 900 x 10 y r s  ago;  and hype r s thene  
c h o n d r i t e s  i n d i c a t e  a major c o l l i s i o n  400 x 10 y r s  ago ,  w i t h  





LL t h e  age estimai-es u f  t h e  a s t e r o i d  families t.,ased 
upon c e l e s t i a l  mechanics o r  c o l l i s i o n  p r o c e s s e s  were more r e l i a b l e ,  
pe rhaps  some s i g n i f i c a n t  c o r r e l a t i o n s  w i t h  t h e  age i n d i c a t i o n s  
o f  a s t e r o i d a l  m e t e o r i t e s  c o u l d  be made. 
_ -  
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2 . 2 . 3  A s t e r o i d  O r i g i n s  Based Upon Obse rva t ions  
The d i s c o v e r y  o f  t h e  f i r s t  a s t e r o i d  (Ceres )  w a s  
thought  t o  be t h e  p l a n e t  between Mars and J u p i t e r  a s  p r e d i c t e d  
i n  accordance  w i t h  Bode's law. The l a t e r  d i scove ry  o f  P a l l a s  
(1802) w a s  unexpected,  and subsequent  d i s c o v e r i e s  o f  Juno and 
Vesta  l e d  immediately t o  t h e  b e l i e f  t h a t  t h e s e  minor p l a n e t s  
were t h e  fragments  o f  t h e  p r e d i c t e d  p l a n e t  which had broken up 
( O l b e r s '  t h e o r y ) .  The c o n j e c t u r e  t h a t  most a s t e r o i d s  a r e  
f ragments  o f  pr imeval  p l a n e t s  i s  s t i l l  c o n s i d e r e d  t e n a b l e ;  and 
o b s e r v a t i o n s  o f  what appear  t o  be  broken s u r f a c e s ,  p a r t i c u l a r l y  
t h e  i r r e g u l a r  shape o f  E r o s ,  t end  t o  suppor t  t h i s  h y p o t h e s i s .  
About two dozen a s t e r o i d s  i n d i c a t e  v a r i a t i o n s  i n  b r i g h t n e s s  
g r e a t e r  t han  26 p e r c e n t  w i t h  a x i a l  r o t a t i o n  p e r i o d s  of a f e w  
h o u r s .  Kuiper (1953) has  concluded t h a t  c o l l i s i o n  i s  t h e  most 
l i k e l y  cause  o f  t h e  breakup,  r a t h e r  t han  e x p l o s i o n ,  r a p i d  
r o t a t i o n ,  o r  t i d a l  f o r c e s .  H e  s u g g e s t s  t h e r e  may o r i g i n a l l y  
have been 5 t o  10 small p l a n e t s ,  Ceres, f o r  example, may be a n  
o r i g i n a l  c o n d e n s a t i o n ,  a s  i n d i c a t e d  by t h e  f a c t  t h a t  t h e  l i g h t  
from t h i s  p l a n e t  and from P a l l a s  a r e  o f  a lmost  c o n s t a n t  mag- 
n i t u d e .  The o r i g i n a l  p r o b a b i l i t y  of  a c o l l i s i o n  i s  e s t i m a t e d  
t o  be o f  t h e  o r d e r  o f  0 . 1  i n  t h e  p a s t  3 x 10 y r s  f o r  o r b i t a l  
i n c l i n a t i o n s  below 5" and e c c e n t r i c i t i e s  less t h a n  0 .1 ,  con- 
s i d e r i n g  an ave rage  c o l l i s i o n  g r a z i n g  v e l o c i t y  o f  abou t  
1 km/sec.  
9 
The p r o b a b i l i t y  of  secondary c o l l i s i o n s  i s  much h i g h e r ,  
a n d ,  f o r  example,  t h e  Hirayama f a m i l i e s  are due t o  r e l a t i v e l y  
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r e c e n t  secondary c o l l i s i o n s ,  some perhaps  o f  ages i n  t h e  o r d e r  
o f  2 t o  3 x 10 y r s .  The remaining 80 p e r c e n t  o f  t h e  a s t e r o i d s  
(non-Hirayama f a m i l i e s )  may have been formed d u r i n g  e a r l i e r  
c o l l i s i o n s .  
i s  i n d i c a t e d  by t h e  l a r g e  number o f  m e t e o r i t e s  which appear  t o  
be o f  a s t e r o i d a l  o r i g i n  and have l e d  Orlov t o  estimate over  a 
m i l l i o n  a s t e r o i d s  o f  s i z e  g r e a t e r  t han  2 km, w h i l e  Hubble and 
Baade, on t h e  b a s i s  o f  100-inch t e l e s c o p e  pho tographs , e s t ima te  
less t h a n  50,000 a r e  o f  appa ren t  magnitude below 19 .  
6 
The i n c r e a s i n g  f r a c t i o n a t i o n  by secondary  c o l l i s i o n s  
An a l t e r n a t i v e  t o  t h e  hypo thes i s  t h a t  t h e  a s t e r o i d s  a r e  
f ragments  o f  a f e w  l a r g e  bod ies  formed d i r e c t l y  by condensing 
plasma i s  t h a t  t h e  a s t e r o i d s  a r e  p l a n e t e s i m a l s  which a r e  t h e  
p r o d u c t s  of  t h e  i n i t i a l  s t a g e s  of plasma condensa t ions  and,  f o r  
some reason ,have  t e r m i n a t e d  t h e  p r o c e s s  o f  f u r t h e r  agglomera- 
t i o n  i n t o  l a r g e r  b o d i e s .  
The r o t a t i o n  of  t h e  a s t e r o i d s , w h i c h  p e r m i t t e d  t h e  
d e t e c t i o n  o f  i r r e g u l a r  s u r f a c e s  by v a r i a t i o n s  i n  t h e  b r i g h t n e s s ,  
i s  used  by Alfven (1964) t o  suppor t  an argument t h a t  t h e  
a s t e r o i d s  are n o t  mainly c o l l i s i o n  f ragments .  The exchange of 
r o t a t i o n a l  e n e r g i e s  upon c o l l i s i o n  shou ld  be expec ted  t o  be 
somewhat e q u a l ,  so  t h a t  t h e  more massive bodies  would have 
s m a l l e r  a n g u l a r  v e l o c i t i e s .  However, no such  r e l a t i o n  between 
a n g u l a r  v e l o c i t i e s  and a s t e r o i d  s i z e  i s  i n d i c a t e d  as shown i n  
F i g u r e  6 .  
The a n g u l a r  speeds  a r e  f a r  below t h e  r o t a t i o n a l  s t a b -  
i l i t y  l i m i t ,  so  i t  i s  u n l i k e l y  t h a t  breakup i s  t h e  r e s u l t  o f  
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Absolute magnitude g 
PERIOD OF AXIAL ROTATION FOR THE ASTEROIDS IN RELATION 
TO THEIR MASSES. ( ALFVEN, 1964) 
Table 2 
PERIODS OF ASTEROIDS (Alfven 1 9 6 4 )  
Abs. P e r i o d  Abs. P e r i o d  
No. Name Mag. ( h o u r s )  No. Name Mag. ( h o u r s )  
1 Ceres 4 . 0  9 . 0 8  22 K a l l i o p e  7 . 4  4.07 
Juno 6 . 3  7 . 2 2  27 Eute rpe  8 . 5  8 . 5 0  
13 .67  
3 
4 Vesta 4 . 2  1 0 . 6 8  30 Urania  8.7 
A s  traea 7 . 9  1 6 . 8 1  39 L a e t i t i a  7 . 3  5 .14  
9 .13  
5 
Hebe 6.6 7 .28  40 Harmonia 8 . 4  
6 .42  
6 
44  Nysa 7 .9  
S I C ;  11 .45  
7 Iris 6 . 7  7 .13  
Metis 7 . 2  5 .06  b i  Danae Y . _  
11 Par thenope  7.7 1 0 . 7  3 2 1  F l o r e n t i n a  1 1 . 3  2.87 
9 
1 5  Eunomia 6 . 2  6 .08  433 Eros 12 .3  5.27 
16 Psyche 6 . 8  4 . 3 0  5 1 1  Davida 7 . 0  5.17 
17 T h e t i s  8.6 12 .27  753 T i f l i s  1 1 . 8  9 . 8 4  
8 . 1 0  984 G r e t i a  10 .6  5 .76  
PH 1 9 3 1  11.7? 10 .23  
20 M a s s a l i a  7 . 4  




c e n t r i f u g a l  f o r c e s ;  and t h e  r e l a t i v e  cons t ancy  of  t h e s e  speeds  
i s  comparable t o  t h o s e  of t h e  major p l a n e t s .  I n  t h e  diagram 
shown, t h e  E a r t h  p e r i o d  is' e s t i m a t e d  as 2 .6  h r ,  a v a l u e  sug-  
g e s t e d  p r i o r  t o  c a p t u r e  of t h e  moon; and f o r  t h e  u n c e r t a i n  
p e r i o d s  o f  Venus and M e r c u r y , i t  i s  assumed t h a t  t h e i r  a x i a l  ro-  
t a t i o n a l  p e r i o d s  c o i n c i d e  w i t h  t h e i r  o r b i t a l  p e r i o d s  as a r e s u l t  
o f  s o l a r  t i d e s .  The fac t  t h a t  t h e  p e r i o d s  of  t h e  p l a n e t s ,  b o t h  
major and minor ,  are s i m i l a r  p o i n t s  towards a common fo rma t ion  
mechanism i n v o l v i n g  t h e  same r o t a t i o n a l  p e r i o d  of about  10 h r .  
I n  s u p p o r t  of t h e  l a t t e r  h y p o t h e s i s ,  t h a t  t h e  s t r u c t u r e  
o f  t h e  a s t e r o i d  d i s t r i b u t i o n  i s  n o t  due t o  c o l l i s i o n a l  p r o c e s s e s ,  
b u t  i s  r a t h e r  t h e  product  of t h e  o r i g i n a l  e v o l u t i o n  by conden- 
s a t i o n  p r o c e s s e s  i n  a plasma,  Alfven (1954) ,  has  compared t h e  
a s t e r o i d  r i n g  w i t h  t h e  r i n g s  of S a t u r n .  
a n a l y s i s ,  t h e  o r b i t s  o f  t h e  condensa t ion  g r a i n s  shou ld  i n t e r s e c t  
t h e  e q u a t o r i a l  p l ane  o f  t h e  c e n t r a l  body a t  2 / 3  t h e  o r i g i n a l  
r a d i u s  o f  condensa t ion  where they  w i l l  be c a p t u r e d  by c o l l i s i o n s  
and move i n  n e a r l y  c i r c u l a r  o r b i t s .  A s imi l a r  p rocess  may have 
o c c u r r e d  i n  t h e  r i n g s  o f  Sa tu rn .  The C a s s i n i  d i v i s i o n  between 
t h e  A and R r i n g s  a t  t h e  1 / 2  resonance w i t h  Mimas co r re sponds  
t o  t h e  Kirkwood gap i n  t h e  a s t e r o i d  r i n g  a t  t h e  same resonance  
On t h e  b a s i s  o f  h i s  
- - z  w l L L l  J-l, duyAC-bL.  T r n ;  toy A l s n  t o  be cons ide red  i n  t h e  mechanism o f  forma- 
t i o n  o f  S a t u r n ' s  r i n g s  is  Roche's l i m i t  ( J e f f r e y s  1947a) w i t h i n  
which t i d a l  f o r c e s  predominate and p r e v e n t  growth due t o  
a c c r e t i o n .  
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2 . 3  Ergodic  Theory 
Because o f  t h e  inadequacy o f  c l a s s i ca l  c e l e s t i a l  mech- 
a n i c s  t o  p rov ide  an e x p l i c i t  s o l u t i o n  f o r  t h e  a s t e r o i d  motions 
over  a r b i t r a r i l y  l a r g e  t imes,  methods o f  a n a l y s i s  shou ld  be 
sought  o t h e r  than  t h o s e  a t t e m p t i n g  t o  c o n s t r u c t  i n t e g r a l  c u r v e s  
from t h e  d i f f e r e n t i a l  e q u a t i o n s  o f  motion.  
e a r l y  h i s t o r y  of  an a s t e r o i d  t r a j e c t o r y  may c o n t r i b u t e  t o  t h e  
fo rma t ion  o f  cosmogonic hypotheses .  For  example, i t  would be 
u s e f u l  t o  be a b l e  t o  t r a c e  back from p r e s e n t l y  observed  motions 
t o  f i n d  t h e  l a s t  t i m e ,  i f  e v e r ,  two a s t e r o i d s  have s imul t aneous ly  
occupied  t h e  same p o s i t i o n .  The t i m e  i n t e r v a l  measured from 
t h e  i n s t a n t  o f  t h i s  common o r i g i n  t o  t h e  p r e s e n t  may be d e f i n e d  
a s  t h e  o r b i t  l i f e t i m e  o f  t h e  two a s t e r o i d s .  
Knowledge of  t h e  
I f  t h e  a s t e r o i d  l i f e t i m e  i s  t o o  g r e a t  t o  be s o l v e d  
d e t e r m i n i s t i c a l l y  because of d ivergence  of t h e  a n a l y t i c a l  
methods,  t h e n  r e c o u r s e  can be made t o  t h e  a p p l i c a t i o n  o f  e r g o d i c  
t h e o r y .  An a t t e m p t  o f  t h i s  k ind  h a s  been made by Mi lder  (1963) 
t o  a problem o f  o r b i t a l  c o l l i s i o n  p r o b a b i l i t i e s  a p p l i e d  t o  t h e  
l u n a r  impact  o f  a s a t e l l i t e .  For t h i s  problem he  used t h e  
ensemble ave rages  o f  s t a t i s t i c a l  mechanics.  For  a p p l i c a t i o n  
t o  t h e  problem o f  a s t e r o i d  c o l l i s i o n s ,  t h e  o r b i t s  v a r y  s e c u l a r l y  
and c a n  be c o n s i d e r e d  t o  gene ra t e  an ensemble o f  a lmost  
K e p l e r i a n  o r b i t s .  For  a s e t  of a s t e r o i d s ,  t h i s  ensemble pro-  
v i d e s  a s u f f i c i e n t l y  l a r g e  number of o r b i t s  t o  permi t  a s t a t -  
i s t i c a l l y  s i g n i f i c a n t  i n t e r p r e t a t i o n .  By t h e  i n t r o d u c t i o n  o f  
a n  ensemble measure i n t o  t h e  space occupied  by t h e  a s t e r o i d  
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t r a j e c t o r i e s ,  a meaningful  p r o b a b i l i t y  occupa t ion  d e n s i t y  can  
be d e f i n e d .  The e v e n t  o f  a s imul taneous  occupa t ion  of  a r e g i o n  
by two a s t e r o i d s  i s  r e f e r r e d  t o  a s  a " c o l l i s i o n " ,  and an  average  
f requency  o f  such c o l l i s i o n s  f o r  an ensemble o f  s e c u l a r l y  
v a r y i n g  o r b i t s  p rov ides  a b a s i s  f o r  d e f i n i n g  an e x p e c t e d ,  o r  
most p robab le ,  o r b i t  l i f e t i m e .  
We have developed a method which t r e a t s  each i n d i v i d u a l  
a s t e r o i d ,  c o n s i d e r e d  t o  have a n  i n s i g n i f i c a n t  mass, as an 
element  o f  a three-body s y s t e m  c o n s i s t i n g  o f  t h e  a s t e r o i d ,  t h e  
Sun, and J u p i t e r .  A s i m p l i f i c a t i o n  i s  o b t a i n e d  by c o n s i d e r i n g  
t h e  o r b i t  o f  J u p i t e r  t o  be c i r c u l a r ,  b u t  t h i s  assumption i s  n o t  
e s s e n t i a l .  The r e s u l t i n g  a s t e r o i d  o r b i t s  a r e  bound t o  f i n i t e  
r e g i o n s  i n  a g e n e r a l i z e d  phase  s p a c e ,  t h e  configuration-momentum 
s p a c e ,  and each  a s t e r o i d  i s  bound t o  a s u r f a c e  o f  c o n s t a n t  
ene rgy  i n  t h i s  phase  space .  By t h e  employment o f  s u i t a b l e  
e r g o d i c  theorems,  t h e  ave rage  expec ted  l i fe t imes  o f  a l l  t h e  ob- 
s e r v a b l q  a s t e r o i d s  may be computed. I f  t h e s e  computat ions are  
done ,  t h e n  from a number-frequency p l o t  o f  t h e  a s t e r o i d s  v e r s u s  
l i f e t i m e s ,  t h e  c l u s t e r i n g  o f  a s t e r o i d s  a t  d i s t i n c t  p o i n t s  w i l l  
p r o v i d e  a c r i t e r i o n  f o r  forming groups having  p robab le  common 
o r i g i n s .  I n  a d d i t i o n  t o  p rov id ing  a b a s i s  f o r  t h e  fo rma t ion  
o f  dynamica l ly  s i g n i f i c a n t  groups ,  t h i s  method might y i e l d  a 
d i r e c t  es t imate  o f  t h e  group age.  
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3 .  RECOMMENDED OBSERVATIONS 
Together  w i t h  c o n s i d e r a t i o n  o f  a n a l y t i c a l  methods f o r  
t h e  i n t e r p r e t a t i o n  and p r e d i c t i o n  o f  t h e  a s t e r o i d  d i s t r i b u t i o n ,  
a t t e n t i o n  shou ld  be d i r e c t e d  t o  q u e s t i o n s  conce rn ing  p o s s i b l e  
o b s e r v a t i o n s .  Our  p r e s e n t  knowledge o f  t h e  a s t e r o i d s  has  been 
ga ined  p r i m a r i l y  from o b s e r v a t i o n s  by remote s e n s i n g  o f  t h e  
p o s i t i o n ,  s i z e ,  s t a t e  o f  motion,  and co r re spond ing  number- 
d i s t r i b u t i o n s .  I n  t h e  f u t u r e ,  w e  can  a l s o  expec t  new d a t a  t o  
be d e r i v e d  from remote o b s e r v a t i o n s ;  however, s i g n i f i c a n t  i n -  
fo rma t ion  can  be o b t a i n e d  from t h e  a c t u a l  c o l l e c t i o n  o f  
a s t e r o i d a l  m a t e r i a l  f o r  examinat ion o f  i t s  s t r u c t u r e  and com- 
p o s i t i o n .  Both methods o f  o b t a i n i n g  o b s e r v a t i o n a l  d a t a  are 
impl i ed  i n  t h e  fo l lowing  l i s t  of recommended o b s e r v a t i o n s .  I n  
t h e  l i s t i n g  t h e  r e l a t i o n s h i p  o f  t h e  o b s e r v a t i o n s  t o  t h e o r e t i c a l  
c o n c e p t s  i s  d i s c u s s e d .  
3 .1  The Number and S i z e  D i s t r i b u t i o n  of A s t e r o i d s  
Although most o f  t h e  a s t e r o i d s  o f  photographic  mag- 
n i t u d e  b r i g h t e r  t h a n  14 a t  o p p o s i t i o n  a r e  probably  known, t h e  
number d i s t r i b u t i o n  o f  a s t e r o i d s  down through a con t inuous  
d i s t r i b u t i o n  o f  s i z e s  i s  n o t .  Because o f  t h e  p robab le  m u l t i t u d e  
o f  smaller a s t e r o i d a l  o b j e c t s ,  a complete  su rvey  would be i m -  
p r a c t i c a l ;  however, a d e t a i l e d  se t  o f  o b s e r v a t i o n s ,  i n c l u d i n g  
t h e  s m a l l e r  s i z e  b o d i e s ,  made over  a p a r t i c u l a r  r e g i o n  of 
i n t e r e s t ,  would p r o v i d e  d a t a  s i g n i f i c a n t  t o  t h e  r e f inemen t  of 
c e l e s t i a l  mechanics methods. O f  p a r t i c u l a r  i n t e r e s t  t o  t h e  
a n a l y s i s  o f  s t a b i l i t y  i s  t h e  number d i s t r i b u t i o n  i n  t h e  
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v i c i n i t y  o f  l i b r a t i o n  p o i n t s .  Also,  a l t h o u g h  n o t  s t r i c t l y  a 
s p a t i a l  neighborhood,  d e t a i l e d  o b s e r v a t i o n s  are  r e q u i r e d  i n  
t h e  v i c i n i t y  o f  a Kirkwood gap w i t h  p a r t i c u l a r  emphasis on 
t h e  ' o u t e r  p a r t  of t h e  a s t e r o i d  r i n g .  
When a Kirkwood gap occurs  a t  a v a l u e  of t h e  semimajor 
a x i s  of t h e  a s t e r o i d  o r b i t  such  t h a t  t h e  o r b i t a l  p e r i o d  i s  
e x a c t l y  commensurable w i t h  t h a t  o f  J u p i t e r ,  t h e n  an approxiicate 
c e l e s t i a l  mechanics t h e o r y  p r e d i c t s  a V-shaped ncmber d i s t r i -  
b u t i o n  i n  t h e  neighborhood o f  t h e  gap. D e t a i l e d  o b s e r v a t i o n s  
are r e q u i r e d  t o  v e r i f y  t h i s  t h e o r y .  A t  t h e  o u t e r  r eaches  of 
t h e  a s t e r o i d  r i n g  where t h e  smaller a s t e r o i d s  a r e  n o t  observ-  
a b l e  from E a r t h ,  a crowding o f  commensurab i l i t i e s  o c c u r s .  
A d d i t i o n a l  d a t a  i n  t h i s  r e g i o n  a re  r e q u i r e d  t o  r e s o l v e  a m b i g u i t i e s  
i n v o l v i n g  t h e  a p p a r e n t  c l u s t e r i n g  o f  o r b i t s  observed  a t  t h e s e  
o u t e r  r a d i i  r a t h e r  t h a n  t h e  expec ted  gaps ,  and t o  de te rmine  t h e  
e x t e n t  o f  t h e  i n f l u e n c e  o f  t h e  v a r i o u s  o r d e r s  o f  t h e  commen- 
s u r a b i l i t i e s  . 
Observa t ions  o f  t h e  s i z e  d i s t r i b u t i o n  through t h e  
smaller s i z e s  n o t  p r e s e n t l y  obse rvab le  from E a r t h  would a l s o  
t e s t  h y p o t h e t i c a l  comminution laws f o r  g r i n d i n g  o r  a c c r e t i o n  
and e s t a b l i s h  t h e  exponents  f o r  e x i s t i n g  e m p i r i c a l  power laws 
and e x p o n e n t i a l  growth laws ( e . g . ,  Hawkins 1960, J a schek  and 
J a s c h e k  1963, Anders 1965) .  
For  t h e  type  of  c o l l i s i o n  d i s c u s s e d  above, t h e  mutual 
g r a v i t a t i o n a l  f o r c e  between t h e  c o l l i d i n g  bod ies  i s  assumed t o  
be n e g l i g i b l e .  Th i s  assumption i s  no t  v a l i d  f o r  encoun te r s  o f  
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a s t e r o i d s  w i t h  p l a n e t s  , where major o r b i t a l  d e f l e c t i o n s  may 
occur  w i t h o u t  a c t u a l  p h y s i c a l  c o n t a c t .  For t h i s  t ype  o f  en- 
c o u n t e r ,  t h e r e  i s  no d e f i n i t e  tre_nd t o  reduce  t h e  o r b i t a l  
i n c l i n a t i o n .  
has  been t r e a t e d  i n  d e t a i l  by Opik (1951, 1963) .  
3 .2  P a r t i c l e  D i s t r i b u t i o n  O u t  o f  t h e  E c l i p t i c  P lane  
The s t a t i s t i c s  o f  a s t e r o i d  encoun te r s  w i t h  p l a n e t s  
The d i s t r i b u t i o n  o f  smaller a s t e r o i d a l  p a r t i c l e s  o u t  
o f  t h e  e c l i p t i c  p l a n e  i s  a lmost  unknown. A knowledge o f  t h i s  
d i s t r i b u t i o n  would permi t  e v a l u a t i o n  o f  e v o l u t i o n  hypotheses  
i n v o l v i n g  condensa t ion  p rocesses .  I n  p a r t i c u l a r ,  a t h e o r e t i c a l  
t r e a t m e n t  by Alfven (1952) i n d i c a t e s  t h a t  o r i g i n a l  o r b i t s  
shou ld  be produced w i t h  e c c e n t r i c i t i e s  o f  about  0 .33 .  Corre-  
l a t i o n  w i t h  i n - p l a n e  d i s t r i b u t i o n s  a t  co r re spond ing  r a d i i  w i l l  
i n d i c a t e  t h e  e x t e n t  t h a t  c o l l i s i o n a l  p r o c e s s e s  r educe  r a d i a l  
v e l o c i t i e s ,  and consequen t ly  t h e  e c c e n t r i c i t y ,  and  a l s o  d e c r e a s e  
t h e  ou t -o f -p l ane  v e l o c i t y  components, b r i n g i n g  t h e  o r b i t s  i n t o  
t h e  e c l i p t i c  p l a n e .  S ince  c o l l i s i o n s  a r e  non-conse rva t ive ,  t h e  
r e l a t i v e  v e l o c i t i e s  are  reduced by f r i c t i o n  and i m p e r f e c t  
r e s t i t u t i o n .  From t h e  consequent  r e d u c t i o n  of t h e  r e l a t i v e  
v e l o c i t i e s ,  a r e d u c t i o n  i n  t h e  s p r e a d  o f  o r b i t a l  i n c l i n a t i o n s  
s h o u l d  be expec ted  w i t h  a cor responding  i n c r e a s e d  c o l l i s i o n a l  
f r equency .  An analogous mechanism i n  c e r t a i n  r e s p e c t s  may have 
o c c u r r e d  i n  t h e  fo rma t ion  o f  S a t u r n ' s  r i n g s  which a l s o  invo lved  
an outward t r a n s f e r  o f  a n g u l a r  momentum from t h e  i n n e r  r i n g  
p a r t i c l e s  o f  h i g h e r  a n g u l a r  v e l o c i t y ,  t e n d i n g  t o  s p r e a d  t h e  
p a r t i c l e s  i n  a t h i n  layer ( J e f f r e y s  1947b) .  
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C o r r e l a t i o n  o f  a s t e r o i d a l  i n c l i n a t i o n s  w i t h  t h e  s p r e a d  
o f  d u s t  about  t h e  e c l i p t i c  p l ane  i n d i c a t e d  by t h e  broadening  
of z o d i a c a l  i s o p h o t e s  (Fesenkov 1959) shou ld  be a t t e m p t e d ;  and 
computat ions can  be made r e l a t i n g  t h e  r e l a t i v e  v e l o c i t i e s  of 
e j e c t i o n  o f  e r o d i n g  d u s t  p a r t i c l e s  o r i g i n a t i n g  on t h e  s u r f a c e  
o f  an  a s t e r o i d ,  t h e  o r b i t a l  i n c l i n a t i o n ,  and t h e  d i s p e r s i o n  
o f  t h e  e j e c t e d  p a r t i c l e s .  
From t h e  observed d i s t r i b u t i o n  o f  h i g h e r  i n c l i n a t i o n  
o r b i t s ,  t h e  poor ly  convergent  p e r t u r b a t i o n  s o l u t i o n s  f o r  t h e  
s e c u l a r  v a r i a t i o n s  of o r b i t a l  e lements  may be t e s t e d .  
p a r t i c u l a r  i n t e r e s t  i s  t h e  motion o f  t h e  p e r i h e l i o n ,  f o r  which 
t e n t a t i v e  c r i t e r i a  a t  p r e s e n t  i n d i c a t e  c o n d i t i o n s  f o r  t h e  
e x i s t e n c e  o f  s t a t i o n a r y  p o i n t s .  
motion o f  t h e  l i n e  o f  a p s i d e s  f o r  h i g h e r  i n c l i n a t i o n  o r b i t s  
can be ex tended  t o  t h e  de t e rmina t ion  o f  t h e  o r b i t a l  motions 
o f  comets and b e t t e r  unders tanding  o f  t h e  r e l a t i o n s h i p  between 
comets and meteor s t r eams  (Hamid 1950) .  
3 . 3  D e t a i l e d  Motions of  I n d i v i d u a l  A s t e r o i d s  
O f  
Improved unde r s t and ing  o f  t h e  
Based upon c u r r e n t  o b s e r v a t i o n s  of t h e  o r b i t a l  e l e m e n t s  
o f  an  a s t e r o i d  and a knowledge o f  t h e  p e r t u r b i n g  f o r c e s ,  t h e  
p a t h  h i s t o r y  ove r  which t h e  a s t e r o i d  has  t r a v e l e d  may be com- 
p u t e d .  However, t h e  e r r o r s  i n  t h e  i n i t i a l  o b s e r v a t i o n s  a re  
r e f l e c t e d  i n  e r r o r s  i n  t h e  computed p a t h  which magnify a s  t h e  
computa t ion  proceeds  back through h i s t o r i c a l  t i m e .  Although 
a n  unwarranted  amount of  l abor  would perhaps be invo lved  i n  
a t t e m p t i n g  t o  improve t h e  accuracy  o f  a l l  c u r r e n t l y  observed  
a s t e r o i d  d a t a ,  t h e  s e l e c t i o n  o f  p a r t i c u l a r  groups o r  r e g i o n s  
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f o r  h i g h l y  p r e c i s e  measurements c o u l d  revea l  s i g n i f i c a n t  h i s -  
t o r i c a l  f e a t u r e s .  
For  example, t h e  p e r t u r b a t i o n  methods forming t h e  b a s i s  
o f  t h e  Hirayama famil ies  a re  l i m i t e d  t o  p e r i o d s  o f  t h e  o r d e r  
o f  l o6  t o  10 years.  With a somewhat more complete  t h e o r y  
and more a c c u r a t e  v a l u e s  o f  t h e  o r b i t a l  e l e m e n t s ,  t h e  t i m e  
i n t e r v a l  i n  some cases could ,perhaps ,be  ex tended  back t o  t h e  
a c t u a l  i n t e r s e c t i o n  of  t h e  s ecu la r ly  v a r y i n g  o r b i t s .  
7 
For t h e  a n a l y s i s  o f  t h e  g e n e r a t i o n  and d i s p e r s i o n  o f  
t h e  a s t e r o i d  f a m i l i e s ,  combinat ions of s t a t i s t i c a l  and c e l e s t i a l  
mechanics t echn iques  have been employed. S u f f i c i e n t  knowledge 
o f  t h e  smaller members of many o f  t h e  r ecogn ized  f a m i l i e s  i s  
l a c k i n g  f o r  t h e  p r o v i s i o n  o f  a s a t i s f a c t o r y  s t a t i s t i c a l  model. 
From t h e  s p r e a d  i n  t h e  s ca t t e r  v e l o c i t i e s  of a l a r g e r  sample 
than  i s  now a v a i l a b l e ,  e s t i m a t e s  o f  t h e  ages  of f a m i l i e s  can 
be computed, and an improved unde r s t and ing  of t h e  mechanism o f  
t h e  p e r t u r b i n g  f o r c e s  may be d e r i v e d .  Also,  t h i s  knowledge 
w i l l  be of  v a l u e  i n  unde r s t and ing  some of t h e  o u t s t a n d i n g  
q u e s t i o n s  r e g a r d i n g  t h e  motions o f  t h e  p l a n e t s .  I n  p a r t i c u l a r ,  
t h e r e  remain q u e s t i o n s  o f  o r b i t a l  s t a b i l i t y  ( e . g . ,  Hagihara  
1 9 5 7 ) ,  and more a c c u r a t e  e s t i m a t e s  are r e q u i r e d  o f  t h e  masses 
cf those p l a n e t s  n o t  having  s a t e l l i t e s .  
Accura te  measurements of a x i a l  r o t a t i o n s  and o r i e n t a -  
t i o n s  ove r  a r ange  of  a s t e r o i d  s i z e s  w i l l  p rov ide  ev idence  
i n d i c a t i n g  whether  t h e  bodies  a r e  c o l l i s i o n  fragments  o r  a r e  
t h e  d i r e c t  p roduc t s  o f  a n  o r i g i n a l  p r i m o r d i a l  condensa t ion .  
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Alfven (1964) has  s u g g e s t e d  t h a t  ove r  a se r ies  of c o l l i s i o n s ,  
an exchange o f  e n e r g i e s  would t end  t o  e q u a l i z e  r o t a t i o n a l  
energies  s o  t h a t  t h e  more massive bod ies  w i l l  have s lower  
a n g u l a r  v e l o c i t i e s  t h a n  t h e  s m a l l e r  f r agmen t s .  On t h e  o t h e r  
hand,  t h e  e x i s t e n c e  of a group of a s t e r o i d s  of wide ly  v a r y i n g  
s i z e s  hav ing  about  t h e  same r o t a t i o n a l  speeds  would i n d i c a t e  
some common e v o l u t i o n a r y  p rocess .  
I 
3.4 Shape and S u r f a c e  Condi t ions  
Obviously an a c c u r a t e  knowledge o f  s u r f a c e  r e f l e c t i v i t y  
would pe rmi t  an improved c o r r e l a t i o n  o f  t h e  numerous Ea r th -  
based  d a t a  i n v o l v i n g  observed  b r i g h t n e s s  w i t h  t h e  a s t e r o i d  
s i z e .  A f a i r l y  symmetric shape w i t h  uniform s u r f a c e  c o n d i t i o n s  
would a rgue  a g a i n s t  t h e  p r o b a b i l i t y  t h a t  t h e  a s t e r o i d  i s  a 
c o l l i s i o n  f ragment ,  a s  would be i n d i c a t e d  by an , i r r e g u l a r  
shape  and a j agged  s u r f a c e  con tour .  Obse rva t ions  o f  e r o s i o n  
and c r a t e r s  ( e . g . ,  W i t t i n g  e t  a l .  1965) would i n d i c a t e  r e l a t i v e  
age  and r e v e a l  t h e  h i s t o r y  of impacts w i t h  o t h e r  i n t e r p l a n e t a r y  
d e b r i s .  
h e l p f u l  i n  p r o v i d i n g  needed in fo rma t ion  on c o l l i s i o n  f r e q u e n c i e s .  
3 .5  S t r u c t u r a l  and Chemical Composition 
Obse rva t ions  o f  t h i s  n a t u r e  would be p a r t i c u l a r l y  
A d e t a i l e d  knowledge of t h e  p h y s i c a l  p r o p e r t i e s  o f  
a s t e r o i d a l  mater ia l .  wouid be WE o b v l o ~ s  d i r e c t  1 . 7 a l ~ ~  i n  d e t e r -  
min ing  ages  , c o l l i s i o n a l  h i s t o r y ,  and e v o l u t i o n a r y  p r o c e s s e s .  
A l s o ,  comparison c o u l d  be made w i t h  E a r t h  i n t e r c e p t e d  m e t e o r i t e s  
t o  e s t a b l i s h  o r i g i n s  and t o  determine t h e  now unknown a l t e r a -  
t i o n s  i n  an o r i g i n a l  m e t e o r i t e  caused  by i t s  passage  through 
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t h e  atmosphere.  Of c o n s i d e r a b l e  i n t e r e s t  would be t h e  com- 
p a r i s o n  of p h y s i c a l  p r o p e r t i e s  w i th  a comet c o r e ,  which cou ld  
s e r v e  t o  r e s o l v e  such  q u e s t i o n s  a s  whether  t h e  comet c l o u d ,  i f  
one e x i s t s ,  i s  of a s t e r o i d a l  o r i g i n ,  perhaps r e t a i n i n g  t h e  
o r i g i n a l  icy-conglomera te  c o a t i n g ,  o r  whether  t h e  Apollo group 
o f  a s t e r o i d s  i s  composed of o l d  comets.  
Knowledge o f  t h e  s t r u c t u r a l  s t r e n g t h  p r o p e r t i e s  may 
p rov ide  a key t o  t h e  s e l e c t i o n  o f  parameters  f o r  t h e  c o l l i s i o n  
mechanics.  The impact s t r e n g t h  i s  r e q u i r e d  i n  o r d e r  t o  e s t i m a t e  
t h e  minimum impulse r e q u i r e d  f o r  f r a c t i o n a t i o n ,  and from t h i s  
knowledge improved e s t i m a t e s  of t h e  r e l a t i o n s h i p  of c r i t i c a l  
c o l l i s i o n  v e l o c i t y  and impact ing mass may be made. From t h e  
more d e t a i l e d  p h y s i c a l  p r o p e r t i e s ,  t h e  number and p h y s i c a l  
s t a t e  of t h e  fragments  can  be computed. 
The p h y s i c a l  and chemical  p r o p e r t i e s  of r ecove red  
m e t e o r i t e s  (Anders 1963) may p rov ide  c l u e s  t o  t h e  compl ica ted  
a s t e r o i d a l  h i s t o r y .  There a re  f o u r  r ecogn ized  t y p e s  o f  
m e t e o r i t e s  : t h e  " i rons"  c o n s i s t i n g  c h i e f l y  of n i c k e l - i r o n  
a l l o y s ,  t h e  s t o n y  i r o n s  w i t h  t h e  a d d i t i o n a l  i n c l u s i o n  of s i l i -  
c a t e  m i n e r a l s  , 
compr i s ing  t h e  c h o n d r i t e s  which c o n t a i n  small  g l o b u l e s  of 
s i l i c a t e  m i n e r a l s ,  and t h e  a c h o n d r i t e s  which are  f ree  from 
c h o n d r u l e s  and n i c k e l - i r o n  and may c o n t a i n  p l a g i o c l a s e  and 
sometimes approach a b a s a l t i c  composi t ion.  I n f e r e n c e s  based  
upon t h e  s t r u c t u r a l  d e t a i l s  of t h e  m e t e o r i t e s  a re  a s  y e t  
ambiguous and i n c o n c l u s i v e  i n  d e r i v i n g  o r i g i n a t i n g  mechanisms. 
t h e  11 s t o n e s "  c o n s i s t i n g  l a r g e l y  of s i l i c a t e s  
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The o c c a s i o n a l  p re sence  of diamonds and t h e  c r y s t a l  s t r u c t u r e  
o f  t h e  n i c k e l - i r o n  a l l o y s ,  i f  n o t  c r e a t e d  by h i g h  energy  o f  a 
c o l l i s i o n a l  impact ,  p o i n t  towards o r i g i n a t i n g  c o n d i t i o n s  o f  
h i g h  t empera tu re  and p r e s s u r e  as might be expec ted  w i t h i n  a 
small  p l a n e t .  On t h e  o t h e r  hand, some o f  t h e  s t o n e s  have 
p y r o c l a s t - t y p e  s t r u c t u r e s  and sometimes c o n t a i n  fragments  
b e a r i n g  h i g h - p r e s s u r e  materials mixed w i t h  c h o n d r u l e s ,  i n d i -  
c a t i n g  a f l u i d i z a t i o n  mechanism, low-pressure  v o l c a n i c  con- 
d i t i o n s ,  and r a p i d  c o o l i n g .  
Age estimates of  t h e  m e t e o r i t e s  a r e  based upon t h e  
decay r a t e s  of r a d i o a c t i v e  elements.  From t h e  t i m e  o f  t h e  
c r y s t a l l a t i o n  o f  t h e  m i n e r a l s ,  t h e  l e a d  i s o t o p e s  206, 207 and 
208 s t e a d i l y  increase i n  abundance w h i l e  t h e  i s o t o p e  Pb 
remains  unchanged i n  amount. The c o n s t i t u t i o n  of  t h e  pr imeval  
204 
l e a d  c a n  be determined from t h e  i r o n  m e t e o r i t e s  which c o n t a i n  
o n l y  minute  f r a c t i o n s  o f  uranium and thorium. For  t h e  s t o n y  
m e t e o r i t e s ,  however, c o n s i d e r a b l e  r a d i o g e n i c  l e a d  has  been 
c r e a t e d  i n  t h e i r  s i l i c a t e  mine ra l s .  The t i m e  of  fo rma t ion  o f  
t h e  r a d i o g e n i c  l e a d  can be determined by s u b t r a c t i n g  t h e  Pb 
from t h e  o t h e r  i s o t o p e s  and forming t h e  r a t i o  Pb207/Pb . 
For  samples  of  t h e  same a g e ,  t h e  p o i n t s  p l o t t e d  on a Pb207/Pb 
v e r s u s  Pb206/Pb204 graph  shou ld  f a l l  on a s t r a i g h t  l i n e .  
i s o c h r o n e s  f o r  v a r i o u s  s t o n y  m e t e o r i t e s  shou ld  i n t e r s e c t  a t  a 





More compl ica ted  and u n c e r t a i n  i s  t h e  e s t i m a t e d  evolu-  
t i o n a r y  d a t i n g  of c o l l i s i o n s  based upon i n t e r p r e t a t i o n s  o f  
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i s o t o p e  changes r e s u l t i n g  from t h e  a c t i o n  o f  cosmic r a y s  upon 
t h e  newly exposed s u r f a c e s  i n  comparison w i t h  t h e  o r i g i n a l  
s u r f a c e s .  
The q u e s t i o n  on t h e  e x t e n t  t o  which observed  meteors  
r e p r e s e n t  a s t e r o i d a l  r a t h e r  t h a n  cometary m a t e r i a l  has  n o t  y e t  
been f u l l y  e s t a b l i s h e d .  C r i t e r i a  have been developed t o  i n d i -  
cate  t h e  o r i g i n s  of me teo r i c  bodies  from t h e i r  o r b i t a l  e l emen t s .  
The a p p a r e n t  i n c l i n a t i o n  i, e c c e n t r i c i t y  e ,  and semimajor axis  
a o f  an  e n t e r i n g  meteoro id  can be de te rmined  from t h e  a n a l y s i s  
o f  meteor  photographs .  Based upon t h e  number f requency  p l o t  
i n  t h e  a ,  e diagram, c r i t e r i a  have been sugges t ed  f o r  d i s t i n -  
g u i s h i n g  a s t e r o i d a l  and cometary me teo ro ids ;  f o r  example, t h e  
K - c r i t e r i o n  o f  Whipple (1954)J;  o r  t h e  P e - c r i t e r i o n  which 
r e q u i r e s  t h a t  ea3/* < 2.5  f o r  a s t e r o i d a l  o r i g i n s .  
t h e s e  c r i t e r i a  are shown i n  F igure  7 by Kresak (1965) .  How- 
e v e r ,  th rough c o l l i s i o n s ,  many a s t e r o i d a l  p a r t i c l e s  may be 
made t o  appear  as i f  t h e y  were of cometary o r i g i n .  Consequent ly ,  
an improved unde r s t and ing  of t h e  c o l l i s i o n a l  p rocesses  w i t h  
a n c i l l a r y  o b s e r v a t i o n s  o f  a s t e r o i d  f requency  d i s t r i b u t i o n s  a r e  
n e c e s s a r y  t o  e s t a b l i s h  t h e  t r u e  o r i g i n s  o f  many ambiguous 
m e t e o r s .  
Both o f  
Although a c o n s i d e r a b l e  i n c r e a s e  i n  e c c e n t r i c i t y  i s  
r e q u i r e d  t o  cause a c i r c u l a r  o r b i t  a t  a r a d i u s  of 4 A'u' iu ems: 
w i t h i n  r e a c h  of  t h e  E a r t h  o r b i t ,  t h e  s m a l l e r  c o l l i s i o n a l  
p a r t i c l e s  may be brought  i n t o  t h e  a ( 1 - e )  d i s t a n c e  by t h e  
Poynt ing-Rober t son  r a d i a t i o n  drag.  P a r t i c u l a r l y  d e s i r a b l e  
$;Requires t h a t  log ( a ( l + e ) / ( l - e ) )  < 1 f o r  a s t e r o i d a l  o r i g i n  of 
m e t e o r i t e .  
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are o b s e r v a t i o n s  o f  t h e  Apol lo  group,  which i s  s u f f i c i e n t l y  
c l o s e  t o  t h e  E a r t h  o r b i t  t o  provide  me teo r i c  p a r t i c l e s  bu t  
i s  most d i f f i c u l t  t o  i n t e r p r e t .  
t u t e  a con t inuous  d i s t r i b u t i o n  o f  o r b i t s  from t h e  main a s t e r o i d  
b e l t  and i s  of  g r e a t e r  complexi ty  because o f  t h e  combined 
s i g n i f i c a n t  p e r t u r b a t i o n  e f fec ts  of  bo th  Mars and J u p i t e r .  
4 .  CONCLUSIONS 
This  group does n o t  c o n s t i -  
A l i m i t e d  unde r s t and ing  of some of t h e  well-known 
f e a t u r e s  of a s t e r o i d a l  d i s t r i b u t i o n s  has  been ga ined  through 
t h e  methods o f  c e l e s t i a l  mechanics. For  example, c e r t a i n  
a s p e c t s  o f  t h e  Kirkwood gaps ,  t h e  Hirayama f a m i l i e s ,  and t h e  
Tro jan  c l u s t e r s  have been ana lyzed  and e x p l a i n e d ,  b u t  t h e r e  
remain impor t an t  q u e s t i o n s  t o  be r e s o l v e d .  Examination o f  t h e  
l i t e r a t u r e  of a s t e r o i d  d i s t r i b u t i o n s  l e a d s  t o  t h e  conc lus ion  
t h a t  t h e  g e n e r a l ,  long- te rm motions o f  t h e  a s t e r o i d s  a r e  a t  
p r e s e n t  i m p e r f e c t l y  unders tood .  A deeper  unde r s t and ing  o f  t h e  
f e a t u r e s  o f  t h e  d i s t r i b u t i o n  o f  a s t e r o i d a l  m a t e r i a l  w i l l  p ro-  
v i d e  c l u e s  t o  t h e  o r i g i n s  o f  t h e  s o l a r  s y s t e m  and e x p l a n a t i o n s  
o f  r e l a t e d  problems conce rn ing  i n t e r p l a n e t a r y  mat te r .  
Analyses based upon examinat ion of o b s e r v a t i o n a l  d a t a  
a re  p r e s e n t l y  a t  a rud imentary  s t a g e ,  and any major p r o g r e s s  
i s  dependent  upon f u r t h e r  o b s e r v a t i o n a l  d a t a .  Mathematical  
and  mechan ica l  a n a l y s e s  have y e t  tc p r c v i d e  d e f i n i t i v e  answers 
t o  t h e  o u t s t a n d i n g  ques t ions .  However, modern developments i n  
q u a l i t a t i v e  and t o p o l o g i c a l  t h e o r i e s  o f  d i f f e r e n t i a l  e q u a t i o n s  
and e r g o d i c  t h e o r y  have n o t  y e t  been f u l l y  u t i l i z e d  i n  t h e  
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dynamical a n a l y s i s  o f  p l a n e t a r y  motions and a r e  c a p a b l e  of  
p r o v i d i n g  p r o g r e s s  i n  t h e  i n t e r p r e t a t i o n  of  a s t e r o i d a l  d i s t r i -  
b u t i o n s .  High-speed machine computat ions may pe rmi t  numer ica l  
a n a l y s e s  v a l i d  s u f f i c i e n t l y  f a r  back i n  t i m e  t o  de te rmine  c o l -  
l i s i o n a l  o r i g i n s  if s u f f i c i e n t l y  a c c u r a t e  i n p u t  d a t a  i s  a v a i l -  
a b l e .  F u r t h e r  o b s e r v a t i o n a l  d a t a ,  such  as may be provided  by 
s p a c e c r a f t ,  a r e  r e q u i r e d  t o  ex tend  and s u p p o r t  cosmogonical 
t h e o r i e s  i n v o l v i n g  a s t e r o i d a l  ma t t e r .  A summary l i s t  o f  
recommended o b s e r v a t i o n s  i s  shown i n  Tab le  3 .  
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